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^. ■ We give an affirmative answer to the question whether there exist Lie 

l/^ ' algebras for suitable closed subgroups of the unitary group U{'H) in a 

^^ , Hilbert space Ti with U{'H) equipped with the strong operator topology. 

>— ^ ■ More precisely, for any strongly closed subgroup G of the unitary group 

U{^) in a finite von Neumann algebra 9Jt, we show that the set of all 
generators of strongly continuous one-parameter subgroups of G forms 
a complete topological Lie algebra with respect to the strong resolvent 
topology. We also characterize the algebra 33? of all densely defined closed 
S . operators affiliated with DJ? from the viewpoint of a tensor category. 
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1 Introduction and Main Theorem 

Lie groups played important roles in mathematics because of its close relations 
with the notion of symmetries. They appear in almost all branches of mathe- 
matics and have many applications. While Lie groups are usually understood as 
finite dimensional ones, many infinite dimensional symmetries appear in natural 
ways: for instance, loop groups C°°{S^,G) pjj, current groups C^{M,G) [1], 
diffeomorphism groups Dijf°°{M) of manifolds [3] and Hilbert-Schmidt groups 
[5] are among well-known cases. They have been extensively investigated in 
several concrete ways. 

In this context, it would be meaningful to consider a general theory of infi- 
nite dimensional Lie groups. One of the most fundamental infinite dimensional 
groups are Banach-Lie groups. They are modeled on Banach spaces and many 



theorems in finite dimensional cases are also applicable to them. Since it has 
been shown that a Banach-Lie group cannot act transitively and effectively on a 
compact manifold as a transformation group [17] . however, Banach-Lie groups 
are not sufficient for treating infinite dimensional symmetries. After the birth of 
Banach-Lie group theory, more general notions of infinite dimensional Lie groups 
have been scrutinized to date: locally convex Lie groups [13], ILB-Lie groups 
|16j , pro-Lie groups [6l [7] and so on. While there are many interesting and im- 
portant results about them, we note that not all theorems in finite dimensional 
cases remain valid in these categories and their treatments are complicated. For 
example, the exponential map might not be a local homeomorphism and the 
Baker-Campbell- HausdorfF formula may no longer be true [TT] . 

We understand that the one of the most fundamental class of finite dimen- 
sional Lie groups are the unitary groups U{n) in such a sense that any compact 
Lie group can be realized as a closed subgroup of them. From this viewpoint, 
it would be important to study the infinite dimensional analogue of it; that 
is, we like to explicate the Lie theory for the unitary group U{'H) of an infi- 
nite dimensional Hilbert space H. One of the most fundamental question is 
whether Lie(G) defined as the set of all generators of continuous one-parameter 
subgroups of a closed subgroup G of UCH) forms a Lie algebra or not. For 
the infinite dimensional Hilbert space H, there are at least two topologies on 
UiH), (a) the norm topology and (b) the strong operator topology. We discuss 
the above topologies separately. In the case (a), C/(H) is a Banach-Lie group 
and for each closed subgroup the set Lie(G') forms a Lie algebra. But it is well 
known that there are not many "nice" continuous unitary representations of 
groups in "H, and hence, U{'H) with the norm topology is very narrow. On the 
other hand, f/('H) with the strong operator topology (b) is important, because 
there are many "nice" continuous unitary representations of groups in "H-say, 
diffeomorphism groups of compact manifolds, etc. However, the answer is neg- 
ative to the question whether there exists a corresponding Lie algebra or not. 
Indeed, by the Stone theorem, the Lie algebra of U{T-L) coincides with the set 
of all (possibly unbounded) skew-adjoint operators on %, but we cannot define 
naturally a Lie algebra structure with addition and Lie bracket operations on 
it. This arises from the problem of the domains of unbounded operators. For 
two skew-adjoint operators A,B onH, doui{A + B) = dom(yl) n dom(i?) is not 
always dense. Even worse, it can be {0} (see Remark l2.17p . Because of this, the 
Lie theory for t/('H) has not been successful, although the group itself is a very 
natural object. On the other hand, it is possible that even though the whole 
group U{'H) does not have a Lie algebra, some suitable class of closed subgroups 
of it have ones. Indeed their Lie algebras Lie(G) are smaller than Lie{U {!-[)). 

We give an affirmative answer to the last question. Furthermore we prove 
that for a suitable subgroup G, Lie(G) is a complete topological Lie algebra with 
respect to some natural topology. We outline below the essence of our detailed 
discussions in the text. 

First, a group G to be studied in this paper is a closed subgroup of the 
unitary group [/(971) of some finite von Neumann algebra 971 acting on a Hilbert 
space H. Clearly it is also a closed subgroup of UCH). The key proposition is 



the following result of Murray- von Neumann (of. Theorem 12. 18^ : 

Theorem 1.1 (Murray-von Neumann). The set dJl of all densely defined closed 
operators affiliated with a finite von Neumann algebra DJl on %, 

JYfT J . A is a densely defined closed operator on 7i 
'~ ' such that uAu* = A for all u e U{M'). 



constitutes a *-algehra under the sum A + B, the scalar multiplication aA {a € 
C), the product AB and the involution A* , where X denotes the closure of a 
closable operator X . 

The inclusion G C U{DJl) implies Lie(G) C 2t and hence, for arbitrary two 
elements A, B E Lie(G), the sum A + B, the scalar multiplication aA, the Lie 
bracket [A, B] := AB — BA are determined as elements of 9Jt. We can prove 
that they are again elements of Lie(G), which is not trivial. Therefore Lie(G) 
indeed forms a Lie algebra which is infinite dimensional in general. Thus if 
we do not introduce a topology, it is difficult to investigate it. Then, what is 
the natural topology on Lie(G)? Since Lie(G) is a Lie algebra, it should be a 
vector space topology. Furthermore, in view of the correspondences between Lie 
groups and Lie algebras it is natural to require the continuity of the mapping 

exp : Lie(G) 9 A i — > e^ e G, 

where G is equipped with the strong operator topology and e is defined by 
the spectral theorem. Under these assumptions, a necessary condition for a 
sequence {^n}J^i C Lie(G) to converge io A E Lie(G) is given by 

s- lim e*-^" = e*^, for all t e R. 

n— fcjo 

This condition is equivalent to 

s- lim{An + l)-^ = {A + l)-\ 

n— foo 

The latter convergence is well known in the field of (unbounded) operator the- 
ory as the convergence with respect to the strong resolvent topology. Therefore 
it seems natural to consider the strong resolvent topology for Lie(G). How- 
ever, there arises, unfortunately, another troublesome question as to whether 
the vector space operations and the Lie bracket operation are continuous with 
respect to the strong resolvent topology of Lie(G). For example, even if se- 
quences {^n}^i, {Bn}^=i of skew-adjoint operators converge, respectively to 
skew-adjoint operators A, B with respect to the strong resolvent topology, the 
sequences {A„ -I- i3„}^j are not guaranteed to converge to ^ -I- i? (see Remark 
13. 3p . We can solve this difficulty by applying the noncommutative integration 
theory and proving that the Lie algebraic operations are continuous with respect 
to the strong resolvent topology and that Lie(G) is complete as a uniform space. 
Hence Lie(G) forms a complete topological Lie algebra. Finally, let us remark 
one point: remarkably, Lie(G) is not locally convex in general. Most of infinite 



dimensional Lie theories assume the local convexity explicitly, but as soon as we 
consider such groups as natural infinite dimensional analogues of classical Lie 
groups, there appear non-locally convex examples. 

We shall explain the contents of the paper. §2 is a preliminary section. We 
recall the basic facts about closed operators affiliated with a finite von Neumann 
algebra and explain the generalization of the Murray- von Neumann theorem for 
a non-countably decomposable case. In §3, we introduce three topologies on the 
set dJl of all densely defined closed operators affiliated with a finite von Neumann 
algebra DJl. The first topology originates from (unbounded) operator theory, the 
second one is Lie theoretical and the last one derives from the noncommutative 
integration theory. We discuss their topological properties and show that they 
do coincide on 9JI. The main result of this section is Theorem 13.101 which 
states that SUt forms a complete topological *-algebra with respect to the strong 
resolvent topology. In §4 constituting the main contents of the paper, we show 
that Lie(G) is a complete topological Lie algebra and discuss some aspects of it. 
The main result is given in Theorem 14.61 In §5, applying the results of §3, we 
consider the following problem: What kind of unbounded operator algebras can 
they be represented in the form of dJl? We give their characterization from the 
viewpoint of a tensor category. We show that ^ can be represented as 9H if and 
only if it is an object of the category fRng (cf. Definition l5.2|) . The main result 
is Theorem [531 which says that the category fRng is isomorphic to the category 
fvN of finite von Neumann algebras as a tensor category. In Appendix, we list 
up some fundamental definitions and results of the direct sums of operators, the 
strong resolvent convergence and the categories. 

2 Preliminaries 

In this section we review some basic facts about operator algebras and un- 
bounded operators. For the details, see [HI [24] . See also Appendix A for the 
direct sums of operators. 

2.1 von Neumann Algebras 

Let H be a Hilbert space with an inner product (C,??), which is linear with 
respect to rj. We denote the algebra of all bounded operators on H by 58 ("H). 
Let 971 be a von Neumann algebra acting on H. The set 

OT' := {x e <B(-H) ; xy = yx, for all y eM} 

is called the commutant of DJl. The group of all unitary operators in 971 is 
denoted by U{D}1). The lattice of all projections in 971 is denoted by P(97l). The 
orthogonal projection onto the closed subspace /C C "H is denoted by P/c- For a 
projection p in 971, we denote 1 — p as p^. 

Definition 2.1. Let 971 be a von Neumann algebra acting on a Hilbert space 
H. 



(1) A von Neumann algebra with no non- unitary isometry is called finite. 

(2) A von Neumann algebra is called countably decomposable if it admits 
at most countably many non-zero orthogonal projections. 

(3) A subset 2? of 7^ is called separating for 2t if x^ = 0, a; e 9Jt for all 
^ e I? implies a; = 0. 

It is known that a von Neumann algebra 9Jt acting on a Hilbert space 7i is 
countably decomposable if and only if there exists a countable separating subset 

of n for m. 

Definition 2.2. Let 9Jt be a von Neumann algebra. 

(1) A state T on 9Jl is called tracial if for all x,y E 931, 

T{xy) = T{yx) 
holds. 

(2) A tracial state t is called faithful if t{x*x) = (a; G 93t) implies x = 0. 

(3) A tracial state r is called normal if it is cr-weakly continuous. 

It is known that a von Neumann algebra is countably decomposable and 
finite if and only if there exists a faithful normal tracial state on it. For more 
informations about tracial states, see ^^. 

Let 971 be a von Neumann algebra and p G 9Jt U 931' be a projection. Define 
the set dJlp of bounded operators on the Hilbert space ran(p) as 

then dJlp forms a von Neumann algebra acting on the Hilbert space ran(p) and 
(93tp)' = {m')p holds. 

If (931, H) and (91, /C) are von Neumann algebras and if there exists a unitary 
operator U oi H onto /C such that 

UmU* = 91, 

then (93t,H) and (9T, /C) are said to be spatially isomorphic. The map tt of 93t 
onto 91 defined by 

ip{x) = uxu*, xem, 

in called a spatial isomorphism. The next Lemma is useful. 

Lemma 2.3. Let (93t, "H) be a finite von Neumann algebra. Then there exists 
a family of countably decomposable finite von Neumann algebras {(931q,'Hq,)}^ 

such that (931, H) is spatially isomorphic to the direct sum ( ® ^^ 931q , 0^ 7^, 



A von Neumann algebra 971 is called atomic if each non-zero projection in ST 
majorizes a non-zero minimal projection. It is known that a finite von Neumann 
algebra is atomic if and only if it is spatially isomorphic to the direct sum of 
finite dimensional von Neumann algebras M„(C) (n G N), where Af„(C) is the 
algebra of all n x n complex matrices. 

A von Neumann algebra with no non-zero minimal projection is called dif- 
fuse. It is known that every von Neumann algebra is spatially isomorphic to 
the direct sum of some atomic von Neumann algebra SJlatomic and diffuse von 
Neumann algebra SHdiffuse- These von Neumann algebras QJtatomic and 9Jtdiffusc 
are unique up to spatial isomorphism. We call QJtatomic and QJtdiffusc the atomic 
part and the diffuse part of 9Jt, respectively. 

2.2 Murray- von Neumann's Result 

The domain of a linear operator T on H is written as doni(r) and the range of 
it is written as ran(r). If T is a closable operator, we write T for the closure of 
T. 

Definition 2.4. A densely defined closable operator T on "H is said to be 
affiliated with a von Neumann algebra COT if for any u E C/(9Jl'), uTu* = T 
holds. If T is affiliated with SOT, so is T. The set of all densely defined closed 
operators affiliated with fH is denoted by 2t. Each element in 9Jt is called a 
affiliated operator. 

Note that T is afRHated with M if and only if xT C Tx for all x e M'. Next, 
we define algebraic structures of unbounded operators in the style of Murray- von 
Neumann [12] . 

Let xi, 2/i,X2, 2/2, • • • be (finite or countable infinite number of) indctcrmi- 
nants. A non-commutative monomial with indeterminants {xi, yi}i is a formal 
product Z1Z2 ■ ■ ■ Zn, where all Zk equal to Xi or j/^. If n = 0, we write this mono- 
mial as 1. A non-commutative polynomial p{xi, yi, • • • ) is a formal sum of finite 
number of monomials. p{xi, yi, ■ ■ ■ ) has the following form: 



Pixi,yi,---) 



^ap..('"...z(/'; (g=l,2, 
.0 (g = 0). 



Here, Op G C and we allow such a term as ■ ziZ2- ■ ■ Zn in this expression. If 
there is a term with coefficient 0, it cannot be omitted in the representation. 
Hence xi is different from xi +0 ■ yi as non-commutative polynomials . If there 
are two such terms as a ■ zi ■ ■ ■ Zn, fe • zi • • • z„, we identify the sum of them 
with the term (a + b) ■ zi • • • z„. The sum, the scalar multiplication and the 
multiplication of non-commutative polynomials are defined naturally, where we 
do not ignore the terms with coefficients. 

Once a non-commutative polynomial p{xi, yi, ■ ■ ■) is given we obtain a new 
polynomial p^'^'{xi,yi,- ■ ■) by omitting terms with coefficient a^ = in the 



representation of p. We call p'^^\xi,yi, • • • ) the reduced polynomial of p. We 
also define the adjoint element by xf :— yi, yf :— Xi. We also define the 
conjugate polynomial of p by 

p(xi,yi,---)^ := <^ 

[o (g = 0). 

Suppose there is a corresponding sequence {Xi}i of densely defined closed 
operators on %. For all i, we assume {xi,yi) corresponds to the pair of the 
closed operators {Xi,X*). In this case we define a new operator p{Xi,Xl, • • • ) 
obtained by substituting each {xi, yi} in the representation of p(xi, j/i, • ' ' ) of the 
pairs {Xi, X*). More precisely, the domain oip[Xi,Xl, • • • ) is defined according 
to the following rules: 

(1) dom(O) = dom(l) = U, 
0^:=0, li:=£., foran^eH, 

(2) dom(aX) := dom(X), 

{aX)i, := a{Xi), for all ^ e dom(aX), 

(3) dom(X + Y) := dom(X) n dom(r), 

{X + Y)i := Xi + Yi, for aU ^ e dom(X + F), 

(4) dom(Xr) := {C e dom(r) ; F^ G dom(X)}, 
{XY)^ := X{Y^), for ah ^ G dom(Xy), 

where X and F are densely defined closed operators on "H and a G C. In general, 
9Jt is not a *-algebra under these operations. This is the reason for the difficulty 
of constructing Lie theory in infinite dimensions. However, Murray and von 
Neumann proved, in the pioneering paper |12j . that for a finite von Neumann 
algebra 2t, 2Jl does constitute a *-algebra of unbounded operators, which we 
will explain more precisely in the sequel. 

Murray- von Neumann proved the following results for a countably decompos- 
able case. Since we need to apply these results for a general finite von Neumann 
algebra case, we shall oflFer the generalization of their proofs. First of all, we 
recall the notion of complete density, which is important for later discussions. 

Definition 2.5. A subspace I? C H is said to be completely dense for a finite 
von Neumann algebra 9Jt if there exists an increasing net {pa]a C P(2t) of 
projections in 371 such that 

(1) Pa /-l (strongly). 

(2) paH C V for any a. 

It is clear that a completely dense subspace is dense in T-L. We often omit 
the phrase "for OJl" when the von Neumann algebra in consideration is obvious 
from the context. 



Remark 2.6. In [T^], Murray and von Neumann used the term "strongly 
dense" . However, this terminology is somewhat confusing. Therefore we tenta- 
tively use the term "completely dense" . 

Lemma 2.7. Let dJl be a countably decomposable, finite von Neumann algebra 
on a Hubert space T-L, t be a faithful normal tracial state on 9Jl. For a subspace 
T) GT-L, the following are equivalent. 

(1) T) is completely dense. 

(2) There exists an increasing sequence {pn}^i C P(S[Jl) such that 

p„ ^ 1 {strongly), ran(p„) C V. 

(3) For every e > 0, there exists p G PljXfVj such that 

t{p^) <e, pHc V. 

Proof. It is clear that (2)^(1)^(3) holds. We shall prove (3)^(2). By as- 
sumption, for all n G N, there exists Pn G P(9JT) such that r(p^) < 1/2" and 
PnU C V. Put 

OO 

qn ■■= f\pke P{m). 

k—n 

Since q„ < ^n-i-i, the strong limit s-lim„_i.oo ^Zn ='■ q ^ P(2t) exists. It holds 
that 



T{q^) = lim T{q^) = lim t W 



Pk 



\k—n / 

OO OO ^ 

< hm J2^iPk)< lim E^ = 0- 

n— >oo ^ — ^ n— >oo ^ — ^ Z 

k—n k—n 

Therefore we have q = 1. D 

Lemma 2.8. Let {i^\,'Hx)} ^i^^ be a family of countably decomposable, finite 
von Neumann algebras. Let 

b 

xeA AeA 

For each A G A, let Vx C Hx be a completely dense subspace for QHa- Then 
®X£A^^ CH is a completely dense subspace for 371. 

Proof. By Lemma 12.71 for each AeA, there exists an increasing sequence 
{Px,n}'^=i C P{Mx) such that px,n /" 1 (strongly) and ran(pA,«) C T>x. For a 
finite set F C A, define 

PF.n := ©AP^i, 
(A) .^ jpx.n (A e F), 



Then we have pF,n G P(S[)T) and {pF,n}{F,n) is an increasing net of projections. 
Here, we define {F, n) < {F', n') hy F C F' and n <n' . It is clear that PF.n Z' 1 
(strongly) and ran(pF,n) C ®AeA^-^- Hence @\^tJ^\ is completely dense. D 

Remark 2.9. Lemma F2. 71 does not hold if 971 is not countably decomposable. 
We will show a counterexample. Let 

6 

•H := £2(N), an := OT*, 2? := ^^(N) 

teK teR teR 

Here, all 971* are isomorphic copies of some finite von Neumann algebra on ^■^(N). 
By Lemma [2^ T) is completely dense for 2t. Suppose (2) of Lemma [2771 holds. 
Then there exists p„ G P(9Jt) such that ran(p„) C T) and p„ Z' 1 (strongly). 
Represent p„ as (BtPt,n {pt,n G ^(9Jtt)). Then we have 

0ran(pt,„) = ran(p„) C 2? = ^^(N). 
tea teR 

Therefore for each n e N, there exists a finite set i^„ C R such that pt^n = 
for t ^ i^„. Since F := IJJ^]^ i^„ C K is at most countable, there exists some 
io ^ F. Choose C^*") e ^^(N) to be a unit vector and C^*) := (i 7^ to). Then 
for ^ = {^^*^}tgK ^ '^' i* follows that 



iiM-eii^ = EiK'^^^*^-^^*^ii' = iip*o,n?^*"^-c^ 



t(to)||2 
ll/'rjns S II — W I-'to,n <, *• 

tm ^ 

= ||^(*o)||2^1. 

On the other hand, we have \\pn^ ~ CIP ~^ Oj which is a contradiction. 

Proposition 2.10 (Murray-von Neumann 12 ). Let D)l be a finite von Neu- 
mann algebra on a Hilbert space %. Let {'Di\'^i d H be a sequence of com- 

00 

pletely dense subspaces for 971. Then the intersection \\T^i is also completely 

i=l 

dense. 

The proof requires some lemmata. 

Lemma 2.11. Provosition \2. lOl holds ifDJl is countably decomposable. 

Proof. Let r be a faithful normal tracial state on 971. By Lemma [^771 for each 
e > and i e N, there exists pi G P(97l) such that r(p^) < e/2* and piTi C Vi. 
Put 



p:^ f\p,eP{m). 



10 



Then we have 



r{p^) = r{\/pn<Y.-ipi)<T.^-'' 



=1 



pn^[]{p^n)(i[]v,. 



i=l 



Hence by Lemma [2771 the intersection Hi^i ^j is completely dense. D 

Lemma 2.12. Let {{dJlx,'H\)}\:^A be a family of countably decomposable, finite 
von Neumann alqebras. Put 



AeA AeA 

Let V d H be a completely dense subspace for DJl. Then for each AeA, there 
exists some completely dense subspace Vx C Hx for DJtx such that 

Pa C P. 

AeA 

Proof. By the definition, there exists an increasing net {pa}a£A C P(dJV) such 
that Pq /^ 1 (strongly) and ran(pa) C V. Let Pa -■ ®xP\,a {p\a e P{Mx)). 
Then it holds that px.a Z' 1 (strongly). Put 

2?A := IJ ran(pA,Q) C Ux- 

aeA 

We see that Vx is completely dense for 9JIa. It is clear that ^xetJ^^ *- -^ 
holds. n 

Proof of Proposition [27lOl Since 93T is finite, there exists a family of count- 
ably decomposable, finite von Neumann algebras {(9HA,'HA)}AeA and a unitary 
operator U : H ~> ©aga'^a such that UMU* = ^^^^Mx- Put V[ := UV.^. 
To prove the proposition, it sufiices to prove that Hi^i -^i is completely dense 
for ^^^j^DJlx- By Lemma [2.121 for each i e N, there exist completely dense 
subspaces I?A,i C Hx for DJlx such that T>^ D 0^g^2?A,i- Then it follows that 

1=1 1=1 VagA / AeA \i=l / 

By Lemma 12.111 Hi^i ^a,* is completely dense for 9JIa. Therefore by Lemma 

[Ml 0AeA (fli^i 2?A,i) is completely dense for 0;^^^ 3?Ja, which implies fl^^i ^i 
is also completely dense for 0^g^9JlA. D 



11 



Proposition 2.13 (Murray-von Neumann [H]). Let ^ be a finite von Neu- 
mann algebra. Then for each X € DJl and a completely dense subspace T) for 
9Jl, the subspace 

{i e dom(X) ; XieV} 

is also completely dense. In particular, dom(X) is completely dense for all 
XaM. 

Proof. See [H]. D 

Proposition 2.14 (Murray-von Neumann ^VI). Let ^ be a finite von Neu- 



(1) Every closed symmetric operator in 9Jl is self- adjoint. 

(2) There are no proper closed extensions of operators in 9Jt. Namely, if 
X, y e M satisfy X (lY, then X = Y. 

(3) Let {Xi\i be a (finite or infinite) sequence in 9H. The intersection of 
domains 

Vv:= fl dom(p(Xi,X*,X2,X*,---)) 
pep 

of all unbounded operators obtained by substituting {Xi}i into the non- 
commutative polynomial p(xi,yi, ■ ■ ■) is completely dense for DJl, where 
V is the set of all non- commutative polynomials with indefinite elements 

X^i: Viji- 

Proof. See dg. D 

Remark 2.15. Murray-von Neumann proved (1) of Proposition [2T4l using Cay- 
ley transform, but there is a simpler proof. We record it here. 

Proof. Let A G dJl he a. symmetric operator. It is easy to see that A -\- i is 
injective. Let A-\-i = u\A + i\ be its polar decomposition. From the injectivity, 
u*u — P]icr{A+i)^ = !«• Since dJl is finite and uu* = ijan(yH-i)i we see that 
ran(yl + J) = H. On the other hand, since A is closed and symmetric, ran(A -|- i) 
is closed. Therefore we obtain ran(A + i) = H. By the same way, it holds that 
ran(y4 — i) = "H, which means A is a self-adjoint operator. D 

Similarly, we see that for X e 931 the injectivity of X is equivalent to the 
density of ran(X). 

Lemma 2.16 (Murray-von Neumann [12]'). Let dJt be a finite von Neumann 
algebra and {Xi}i be a (finite or infinite) sequence in 9Jt. Let 

p{xi,yi,X2,y2,---), q{xi,yi,X2,y2,---), r{xi,yi,X2,y2,- ■ ■) 

be non-commutative polynomials and p{Xi, Xi, X2, X|, • • • ) be an operator ob- 
tained by substituting {xi,yi) by {Xi,X*). 
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(1) p{Xi^ X*, X2, X2, • • • ) is a densely defined closable operator on %, and 



p(Xi,x*,X2,x*,...)ea[Ji. 

(2) Ifp(-Hx,,y,,---) = q(^^x,,yi,---), then 



p{X^,Xl,---)^q{Xi,Xl,---). 

Namely, the closure of the substitution of operators depends on a reduced 
polynomial only. 

(3) Ifp{xi,yi,---)+ = q{xi,yi,---), then 

{p(Xi,X*, •••)}* = q{Xi,X*,---). 

(4) Ifap{xi,yi,---) =q{xi,yi,---) {a G C), then 



a-[p{Xi,X;,---)}^q{X,,X;,---). 
(5) Ifp{xi,yi,---) +q{xi,yi,---) ^ r{xi,yi,- ■ ■), then 



p{Xi,Xt, ■■■)+ q{Xi,Xl, • • • ) = r(Xi, Xi*, • • • ). 
(6) Ifp{xi,yi,---) ■q{xi,yi,---) ^ r{xi,yi, ■ ■ ■), then 



piX,,X*, ■■■)■ qiX,,X*, ■■■)= riXi,Xl, ■■■). 

Proof. See [H]. D 

Remark 2.17. Lemma [2. 161 fl) is not trivial. Indeed one can construct a pair 
of densely defined closed operators whose intersection of domains is {0}. See, 

e.g., mm- 

In summary, we have the following theorem. 

Theorem 2.18 (Murray-von Neumann P[2|). For an arbitrary finite von Neu- 
mann algebra DJl, the set 9JI forms a *-algebra of unbounded operators, where 
the algebraic operations are defined b'g}\ 



{X,Y)^ X + Y, {a,X)^aX, 

{X,Y)^XY, X^X*. 

To conclude these preliminaries, we shall show a simple but useful lemma. 



^ aX equals aX when a 7^ 0. However, dom(0 • X) = H jt dom(X). 
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Lemma 2.19. Let dJl be a finite von Neumann algebra, A be an operator in 971. 
IfD is a completely dense subspace ofH contained in dom(A), then it is a core 
of A. That is, A\t) = A. 

Proof. From the complete density of T), there exists an increasing net of closed 
subspaces {Ma}a of Ti. with Pa := Pa/„ G ^Tt such that 

a 

is dense in %. Define ^o '■— Mvo- Take an arbitrary u e C/(9}1'). Let ^ G Pq = 
dom(Ao), so that there is some a such that ^ e Ma- Then we have 

uAq^ = uA^ ^ Au^ = AuPaS, 
^ APauC - AoPaU^ 

Therefore uAq C ^o" holds. Since u € C/(*Xt') is arbitrary, we have uAqu* = Aq. 
Taking the closure of both sides, we see that Aq = uAqu*. This means Aq € dJt. 
Therefore, it follows that 

A^ = A\v cA^ A 

Therefore by Proposition l2.14[ we have Aq — A. D 

2.3 Converse of Murray-von Neumann's Result 

The converse of Theorem 12. 181 is also true. We shall give a proof here. 

Lemma 2.20. Let dJl be a von Neumann algebra acting on a Hilbert space %. 
Assume that, for all A, B G 971, the domains Aova{A + B) and dom(yli?) are 
dense in %. Then A + B and AB are densely defined closable operators on % 
and the closures A + B and AB are affiliated with 97t for all A, B ^ 97t. 

Proof. By the assumption, A + -B is densely defined and 

(A + B)* D A* +B*. 

Since the right hand side is densely defined, A + B is closable. As same as the 
above, we see that AB is closable. Affiliation property is easy. D 

Remark 2.21. Let 971 be a von Neumann algebra. It is easy to check that 
aA (a e C, A e 97t) is always densely defined closable and its closure aA is 
affiliated with 971. Moreover 971 is closed with respect to the involution Ai-^ A* . 

Theorem 2.22. Let dJt be a von Neumann algebra acting on a Hilbert space 
%. Assume that, for all A, B (E 971, the domains dom(A + -B) and dom(AB) 
are dense in %. If the set 97t forms a *-algebra with respect to the sum A + B , 
the scalar multiplication aA (a G C), the multiplication AB and the involution 
A* , then DJl is a finite von Neumann algebra. 
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Proof. Step 1. We first show that ah closed symmetric operators affiliated 
with 9Jl are automatically self-adjoint. Let ^ be a closed symmetric operator 
affiliated with 971. Define operators i? G 97? and C G ttt as 



then B and C are self-adjoint and A = B + iC holds because 9Jl is a *-algebra. 
Since A is symmetric, we see that 

CD^^{A-A*)D^AA-A)= OUom(A). 

By taking the closure, we obtain C = 0. Hence A = B is self-adjoint. 

Step 2. We shall prove that 371 is finite. Let v be an arbitrary isometry 
in 971. By the Wold decomposition, there exists a unique projection p € 97t 
such that ran(p) reduces w, s :— w|ran(p) G DJlp is a unilateral shift operator and 
u := w|ran(p-i-) S 97tp-L is Unitary. It is easy to see that 

ker(l -s) = {0}, ker(l - s*) ^ {0}, 

so that wc can define the closed symmetric operator T on ran(p) as follows: 

T -.^ i{i + s){i - sy\ 

We immediately see that T is affiliated with the von Neumann algebra DJlp. 
Define the operator A on H = ran(p) ^ ra.n{p-^) by 

A :— T Q) Oran(p^)) 

then A is a closed symmetric operator and it is affiliated with 97t. From Step 
1., A is self-adjoint, so that T is also self-adjoint. Since the Cayley transform 
of a self-adjoint operator is always unitary and the Cayley transform of T is 
s, s is unitary. This implies p — because a unilateral shift operator admits 
no non-zero reducing closed subspace on which it is unitary. Hence v — u is 
unitary. D 

3 Topological Structures of DJl 

In this section we investigate topological properties of 97t. We need these results 
in the next section. We first endow 97t with two topologies, called the strong 
resolvent topology and the strong exponential topology. The former is (un- 
bounded) operator theoretic and the latter is Lie theoretic. To show that these 
two topologies do coincide and 97? forms a complete topological *-algebra with 
respect to them, we introduce another topology, called the r-measure topology 
which originates from the noncommutative integration theory. They seem quite 
different to each other, but in fact they also coincide. The main topic of the 
present section is to study correlations between them. 
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3.1 Strong Resolvent Topology 

First of all, we define the topology called the strong resolvent topology on the 
suitable subset of densely defined closed operators. Let "H be a Hilbert space. 
We call a densely defined closed operator A onH belongs to the resolvent class 
^'^{H) if A satisfies the following two conditions: 

(RC.f ) there exist self-adjoint operators X and Y onH such that the intersec- 
tion dom(X) n doni(y) is a core of X and Y, 



(RC.2) A = X + iY, A* = X -iY. 

Note that (RC.f) implies doui{X) n dom(y) is dense, so X + iY and X — iY 
are closable. Thus X + iY and X — iY are always defined. Furthermore, we 
have 

-(A + A*) = -(X + iY + X-iY) D X|dom(X)ndom(y)- 

Since A + A* is closable and by (RC.f), we get 

-A + A* D X. 
As X is self-adjoint, X has no non-trivial symmetric extension, we have 

-A + A* =X. 

Therefore, X is uniquely determined. As same as the above, Y is also unique 

and 

f 



-A-A*= Y. 
2i 



We denote 



Rc{A) ■.= X = -A + A*, lm{A):=Y = —A-A*. 
2 2i 

Also note that bounded operators and (possibility unbounded) normal operators 
belong to ^"^(H). 

Now we endow !^'^{'H) with the strong resolvent topology (SRT for short), 
the weakest topology for which the following mappings 

ii"^CH) 3 A^^ {Re(A) - i}-^ e {^{n),SOT) 

and 

^-^CH) 3 A^^ {Im(A) - i}-^ e (»CH), SOT) 

are continuous. Thus a net {Aq}q, in M^{T-L) converges to A e ^'^{H) with 
respect to the strong resolvent topology if and only if 

{Re(A„) - z}-ie ^ {Re(A) - *}-ie, {Ini(A„) - t}-^^ ^ {lm{A) - t}-^^, 
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for each ^ gV.. This topology is well-studied in the field of unbounded operator 
theory and suitable for the operator theoretical study. We denote the system of 
open sets of the strong resolvent topology by Osrt- 

Let St be a finite von Neumann algebra on a Hilbert space H. We shall 
show that QJt is a closed subset of the resolvent class S^^{T-L). This fact follows 
from Proposition [5TTU1 Theorem 12. 18[ Lemma [2.191 and the following lemmata. 

Lemma 3.1. Let 971 6e a finite von Neumann algebra on a Hilbert apace %, 
A be in *Xt. Then there exist unique self-adjoint operators B and C in DJl such 
that 

A^B + iC. 

Proof. Put 

1^ ^ „ 1 



B:=-A + A*, C := —A- A*. 
2 2i 

Applying Proposition 12.101 doni(i3) and dom(C) are dense in H. Hence B and 
C are closed symmetric operators affiliated with *H. By Proposition 12.141 in 
fact, B and C are self-adjoint. As COT is a *-algebra, we have 



A = B + iC. 

D 

Lemma 3.2. Let dJt be a finite von Neumann algebra. Then 9Jt is closed with 
respect to the strong resolvent topology. 

Proof. Let {Aq}q C 2t be a net converging to A S ^^{T-L) with respect to 
the strong resolvent topology. Then, for all u e [/(9Jl'), we have 

{vRe{A)u* - i}-^ = u{Ke{A) - i)-^u* = s- limu{Re(Ac,) - iy^u* 

a. 

= s-lim{wRe(A„)u* - i}"^ = s-lim{Re(Aa) - i}~^ 
^{Re{A)-i)-\ 

This implies Re(A) belongs to 97t. As same as the above, we obtain Im(A) G 97t. 
Thus so is A = Re(^) +Im(A). D 

Remark 3.3. In general, the strong resolvent topology is not linear. Indeed, 
there exists sequences {An}^^ij {Sn}^i of self-adjoint operators and self- 
adjoint operators v4, B such that the following conditions hold: 

(1) {An]'^^i and {-BnjJ^i converge to A and B in the strong resolvent 
topology, respectively. 

(2) An + Bn is essentially self-adjoint for each n g N. 

(3) A + B is essentially self-adjoint. 



(4) {^„ -|- Bn} 1 converges to some self-adjoint operator C in the strong 



resolvent topology, but C ^ A + B. 
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For the details, see [35]. However, as we see in the sequel, the strong resolvent 
topology is linear on 9Jl. 

The next lemma is important in our discussion. 

Lemma 3.4. Let DJl be a finite von Neumann algebra acting on a Hilbert space 
% ■ Then the following are equivalent: 

(1) 971 is countably decomposable, 

(2) (9JT, SRT) is metrizable as a topological space, 

(3) (971, SRT) satisfies the first countability axiom. 

Proof. (1) ^ (2). Let {£,k}k be a countable separating family of unit vectors 
in H for 9Jl. For each A, B G M, we define 

d{A,B) := ^ ^||{Rc(A) - z}-ia- - {Rc(i?) - i}-'^u\\ 

k 



^ ^|l{Im(A) - ^}'% - {Im(i?) - ^}-%\ 



2k 

k 

It is easy to see that the above d is a distance function on the space Wl, and the 
topology induced by the distance function d coincide with the strong resolvent 
topology on DJl. 

(2) => (3) is trivial. 

(3) => (1). Let S C P(97t) be a family of mutually orthogonal nonzero 
projections in DJl. Since (9Jt, SRT) satisfies the first countability axiom, the 
origin € 97t has a countable fundamental system of neighborhoods {Vfcjfc. Put 

Sk:={peS ; p(^ Vk}, 

then S = [Jf^Sk- This follows from the Hausdorff property of the strong re- 
solvent topology. Next we show that each Sk is a finite set. Suppose Sk is an 
infinite set, then we can take a countably infinite subset {p„ ; n e N} of St- 
Define 



TV 



p := s- lim y p„ 

W— ioo ^-^ 

n=\ 

For every ^ e "H we see that 

n n — 1 



lbnCII=llEP"^~EP«^ll 



1=1 i=l 

— ^0. 
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Thus Pn converges strongly to 0. By Lemma IB. 11 this imphes p„ converges to 
with respect to the strong resolvent topology. Hence there exists a number 
n gN such that p„ € Vfc. This is a contradiction to p„ e Sk- Therefore Sk is a 
finite set. From the above arguments, we conclude that S = IJ^. Sk is at most 
countable. D 

Remark 3.5. As we see in the sequel, (SUt, SRT) is a Hausdorff topological lin- 
ear space. Thus in the case that 9Jt satisfies conditions (1), (2) or (3) of Lemma 
13.41 (9Jl, SRT) is metrizable with a translation invariant distance function. In 
particular, it is also metrizable as a uniform space. 

Finally, we state one lemma. 

Lemma 3.6. Let OJl be a finite von Neumann algebra acting on a Hilbert space 
T-L. Then the strong resolvent topology and the strong operator topology coincide 
on the closed unit ball 9Jti . 

Proof. Note that if a von Neumann algebra is finite, then the involution is 
strongly continuous on the closed unit ball. The lemma follows immediately 
from this fact. Lemma [B. 11 and Lemma FB. 51 D 

See Appendix B for more informations of the strong resolvent topology. 

3.2 Strong Exponential Topology 

Next we introduce a Lie theoretic topology on 3Jl. Let H be a Hilbert space. For 
each A g lM'rf{H), each SOT-neighborhood 1/ at 1 e *B('H) and each compact 
set K of R, we define W{A; V, K) the subset of ^"^{Wj by 



W{A; V,K):={Bc I^'tfiH) 



g-itRo(A)gitRo(B) g Y 
g-»iIm(A)g»iIm(B) (z y, ^t e K. 

then {W^(A; V, K)}a,v,k is a fundamental system of neighborhoods on Sff€{H). 
We denote the system of open sets of the topology induced by this fundamental 
system of neighborhoods by Oset, and call this topology the strong exponential 
topology (SET for short). Note that a net {A\}\^a in ^'tf{'H) converges to 
A G I%'i^{H) in the strong exponential topology if and only if 

for each ^ S "H, uniformly for t in any finite interval. This topology is important 
from the viewpoint of Lie theory. Indeed it can be defined by the unitary group 
[/(H) only. Before stating the main theorem in this section, we study relations 
between the strong resolvent topology and the strong exponential topology. 

Lemma 3.7. Let dJt be a countably decomposable finite von Neumann algebra 
acting on a Hilbert space %. Then (Wt, SET) is metrizable as a topological 
space. 
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Proof. Let {^ra}„ be a countable separating family of unit vectors in Ti. for 9Jl. 
For each A, B €dKwe define 

n m-1 tG[-m,m] 

oo ^ 

+ EE^ -P l|e^"-(-^^Cn-e-MB)^„|,. 

n m=l te[-m,m] 

It is easy to see that the above d is a distance function on the space 9Jl, and the 
topology induced by the distance function d coincide with the strong exponential 
topology on DJl. D 

Lemma 3.8. Let DJl be a countably decomposable finite von Neumann algebra. 
Then the strong resolvent topology and the strong exponential topology coincide 
onM. 

Proof. This follows immediately from Lemma 13.41 Lemma 13.71 and Lemma 
El D 

Remark 3.9. Similar to the above argument, one can prove that the strong 
resolvent topology and the strong exponential topology coincide on M^{T-L) if 
the Hilbert space T-L is separable. But the authors do not know whether this is 
true or not if % is not separable. However we can show the following theorem. 

The next is the main theorem in this section. 

Theorem 3.10. Let 2t &e a finite von Neumann algebra acting on a Hilbert 
space %. Then 371 is a complete topological *-algebra with respect to the strong 
resolvent topology. Moreover the strong resolvent topology and the strong expo- 
nential topology coincide on 9Jt. 

Throughout this section, we prove the above theorem. 
3.3 r-Measure Topology 



We first prove Theorem l3.10l in a countably decomposable von Neumann algebra 
case. In this case, we can use the nonmmutative integration theory thanks to 
a faithful normal tracial state. We shall introduce the r-measure topology. 
Let 971 be a countably decomposable finite von Neumann algebra acting on a 
Hilbert space H. Fix a faithful normal tracial state t on 971. The r-measure 
topology (MT for short) on 97t is the linear topology whose fundamental system 
of neighborhoods at is given by 

,,/ (.^ f . -^tt: there exists a proiection p G 971 
Nie, S):^i^Aem; ^^^^ ^^^^ ||^^j| J^^ ^^^j^^ ^ ^ 

where e and S run over all strictly positive real numbers. It is known that 971 is 
a complete topological *-algebra with respect to this topology J15i . We denote 
the system of open sets with respect to the r-measure topology by Or. Note 
that the r-measure topology satisfies the first countability axiom. 
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Remark 3.11. In this context, the operators in dJl are sometimes cahed r- 
measurable operators f4j. 

Thus there are two topologies on 9H, the strong resolvent topology and the 
T-measure topology. It seems that these two topologies are quite different. 
However, in fact, they coincide on 931, i.e.. 

Lemma 3.12. Let dJl be a countably decomposable finite von Neumann algebra 
acting on a Hilbert space %. Then the strong resolvent topology and the r- 
measure topology coincide on 9Jl. In particular, 93t forms a complete topological 
*-algebra with respect to the strong resolvent topology. Moreover the T-measure 
topology is independent of the choice of a faithful normal tracial state t. 

This lemma is the first step to our goal. 

3.4 Almost Everywhere Convergence 

To prove Lemma 13.121 we define almost everywhere convergence. Let SUt be a 
countably decomposable finite von Neumann algebra on a Hilbert space H. 

Definition 3.13. A sequence {^n}J^i C VJl converges almost everywhere (with 
respect to St) to A e OT if there exists a completely dense subspace V such that 

(i) Pcn^=idom(AOndom(A), 

(ii) j4„^ converges to A^ for each ^ E V. 

We shall investigate the relations between the almost everywhere conver- 
gence and the other topologies. 

Lemma 3.14. Let {An}'^^i C 9Jl &e a sequence, A e 971. Suppose An converges 
to A in the T-measure topology, then there exists a subsequence {^nfc}fc°;i of 
{An\'^=i such that An^, converges almost everywhere to A. 

Proof. For all j £ N, we can take Uj g N and pj G P(9Jl) which satisfy the 
following conditions: 



WiAn^ - A)p,\\ < l/V, T{pf) < l/2^ n, < n,+i. 



Putp := V;^i t\k=iPk e -P(97l), then ran(p) = U;^i flfcl; ran(pfc). On the other 
hand. 

Coo \ oo 

\Jpi] <\imY,T{pi) 
k=l / k=l 



i->-oo-^- 


'?M 


k=, 


I 
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Therefore, 1-L = ran(p) = IJ^^^ Pl^^ ran(pfc). This huphes 

oo oo 

^0 := U n ran(pfe) 

l=lk=l 

is completely dense. Let 2?i be the intersection of the domains of all non- 
commutative polynomials of operators {A„^, A, Pk}'k'=n where we do not take 
closure for each non-commutative polynomial of operators. Then T>i is also 
completely dense and so is I? := I?o H I?i. Take ^ G 2?, then there exists fco G N 
such that ^ G C(k=k ran(pfe). Consequently, for all k > ko, we get 

^=Pkt Pk^ edom{A)ndom{Ak), ^ G dom(^) n dom(Afe), 

and 



UAr., - AM = WiAr,, - A)p,C\\ 



<\\{A„^~A)p,\\-U\\ 
1 



<:^-m^o. 



Thus An^. converges almost everywhere to A. D 

Lemma 3.15. Let {An}^^i be a sequence in 9Jt converging almost everywhere 
to A Cz 9Jl. Suppose {^n*}5^i h'so converges almost everywhere to A*, then 
{^n}^=i converges to A in the strong resolvent topology. 

Proof. It is easy to check that Re(A„) and Im(A„) converge almost every 
where to Re(A) and Im(A), respectively. Applying Lemma IB. II and Lemma 
12. 191 to Re(A„) and Im(A„), we see that Re(v4„) and Im(yl„) converge to Re(A) 
and Im(yl) in the strong resolvent topology, respectively. This implies {An}'^^i 
converges to A in the strong resolvent topology. D 

The following is well-known: 

Lemma 3.16. Let X be a metric space, {a^njj^i G X be a sequence, x G X. 
Suppose for each subsequence {a-'nfcjfc^i of {xn}'^=i has a subsequence {x„^ }iZi 
o/{a^nfc}fc°;i which converges to x, then x„ converges to x. 

3.5 Proof of Lemma [3J^ 

We shall start to prove Lemma 13.121 We prove that the system of open sets of 
the strong resolvent topology Osrt and the system of open sets of the r-measure 
topology Or coincide on 9Jl. Let {An}'^^i C 9Jl be a sequence, A G 9Jl. 

CsRT C Or'- Suppose that {An}^^i converges to A in the r-measure topol- 
ogy. Let {^Tifclfe^i be an arbitrary subsequence of {An}'^^i. By Proposition 
13.141 there exists a subsequence {A„^ }^-^ of {^ntlfcLi such that {An^ j^^ 
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and {An^. *}^i converge almost everywhere to A and A*, respectively. Apply- 
ing Lemma 13.151 An^. converges to A in the strong resolvent topology. This 
implies An converges to A in the strong resolvent topology, by Lemma 13.161 
Thus we get Osrt C Or- 

Or C Osrt: Suppose that {An}^-^i converges to A with respect to the strong 
resolvent topology. First we consider the case that An and A are self-adjoint. 
Let \An\ =: /g°° XdEn{X) and \A\ =: J^ XdE{X) be spectral resolutions of |A„| 
and \A\, respectively. Fix an arbitrary positive number e > 0. It is clear that 
s-hmA^oo -E([0, A)) — 1, so there exists a positive number A > such that 
r(i?([0, A))-*-) < e, where we can take A > which is not a point spectrum of 
\A\. Indeed, self-adjoint operators have at most countable point spectra, as DJl 
is countably decomposable. Next we define a continuous function on R as 
follows: 



</)(A) := <^ 



Let \4>{An) — 4'iA)\ =: /q°° XdFn{X) be a spectral resolution of \4>{An) — 4>{A)\, e 
be a spectral measure of A. Note that E{[0,A)) = e((— A, A)). For each ^ £ H, 








A < -2A, 


-A-2A 




-2A < A < -A 


A 




-A< A< A, 


-A + 2A 




A < A < 2A, 







2A< A. 



(^,Ai?([0,A))O= / Ad(^,e(A)^) 

"'(-A, A) 



0(A)d(C,e(A)O 

(-A,A) 



= / 0(A)d(e,e(A)S([O,A)K) 

= {t<j,{A)E{[0,A))O. 

Thus we have ^£;([0,A))^ = (l){A)E{[0,A))^. Similar to the above argument, 
we get AnEn{[0,A))^ = 0(^„)i;„([O, A))^. Therefore, for ah ^ G H, we see that 

\\iAn-A){En{[0,A))AEi[0,A))AFni[0,e))}a' 

= \\mAn)~HA)}{Eni[0,A))AE{[0,A))AFn{[0,e)mf 
= \MAn) - 0(A)|{£;„([O, A)) A i?([0. A)) AF„([0,£))K|P 

X^d\\Fn(X){En{[Q,A))^E{[0,A))AFn{[0,e))W 



l[0,e) 



This implies 



\\{An - A){Eni[0,A)) A £;([0, A)) A K([0,£))}|| < e. 
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On the other hand, 

r({i?„([0,A))Aii;([0,A))AK([0,£))}^) 
<r(i?„([0,A))^) + r(i?([0,A))^)+T(F„([0,£))^) 
<T(i?„([0,A))^)+e + T(^„([0,£))^). 

By Lemma [B.4[ \An\ converges to |A| m the strong resolvent topology, as the 
function 

is bounded continuous. By Lemma IB. 31 

i?„([0,A)) =£;„((-!, A)) 

^^E{{-l,A)) = E{[0,A)). 

Thus for all sufficiently large number n £ N, 

T(ii;„([0, A))^) = T{E{[0,A))^) + T{Ei[0,A)) - £;„([0, A))) 

<e + e = 2e. 

Furthermore, by Lemma|B31 4>{An) converges strongly to (j){A). We obtain that 
for each ^ € H, 

\mA„) ~ ^{A)\i\\ - ||{0(A„) - 0(A)Kii — > 0. 

Applying Lemma FB . 1 1 and Lemma [6.31 to |0(A„) — (/)(A)|, we see that 

i^„([0,£))=^„((-l,£))^^l. 

Hence, for all sufficiently large numbers n e N, r(F„([0,£))^) < e. Thus, for all 
sufficiently large numbers n G N, we have 

T({i?„([0, A)) A £;([0, A)) A F„([0, e))}^) < As. 

From the above argument, we conclude that A„ converges to A in the r-measure 
topology. In a general case, self-adjoint operators Re(A„) and Im(A„) converge 
to Ke{A) and Im(A) in the strong resolvent topology, respectively. By the above 
argument, we see that Re(A„) and Im(yl„) converge to Re(yl) and Im(yl) in the 
T-measure topology, respectively. Since the addition is continuous with respect 
to the r-measure topology, A„ converges to A in the r-measure topology. This 
implies Or C Osrt- Hence the proof of Lemma [3.121 is complete. 

Remark 3.17. We referred to the proof of Theorem 5.5 of the paper [53] to 
prove the inclusion Or C Osrt- 
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3.6 Direct Sums of Algebras of Unbounded Operators 

To prove Theorem 13.101 in a general case, we show some facts about the di- 
rect sums of unbounded operators. See Appendix A for the definition of the 
direct sums of unbounded operators. The next lemma follows immediately from 
Lemma lA.3l 

Lemma 3.18. Let "Hq be a Hilbert space, H be the direct sum Hilbert space of 
{^a}a- For each a, we consider a net {AqaIagA of self-adjoint operators on 
T-La and self-adjoint operator Aa on Ha- Set 

Ax := (BaAa^X, 

and 

A := (BaAa, 
on the Hilbert space %. 

(1) A\ converges to A in the strong resolvent topology if and only if each 
{Aa^\\\eK converges to Aa in the strong resolvent topology. 

(2) A\ converges to A in the strong exponential topology if and only if each 
{^q.aJagA converges to Aa in the strong exponential topology. 

Proof. (1) By Lemma [A. 31 we have 

The necessary condition is trivial. On the other hand, it is easy to see that 
{{A\ — i)~^}AeA converges to {A — i)^^ on (BaH-a- Since 0jj'Hq is dense in 
®Q,^Q and {{Ax — j)~^}agA is uniformly bounded, the sufficient condition 
follows. 

(2) Similar to the proof (1). D 

The next lemma is the key to prove Theorem 13. 101 
Lemma 3.19. LetdJla be a finite von Neumann algebra acting onlia, and put 

b 

m:=^ma. 

a 

Then 

a 

holds. The sum, the scalar multiplication, the multiplication and the involution 
are given by 



[(BaAa) + (®a-t>a) — ®a \Aa + jJa) j 

A {®aAa) = ®a (XA^) , for all A G C, 



((BaAa) [(Ba-t>a) — ffia \Aa-DQ 
[(BaAa) = (Ba (Aa ) . 
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In addition, if each 971q, is countably decomposable, then 971 is a complete topo- 
logical *-algebra with respect to the strong resolvent topology, and the strong 
resolvent topology coincides with the strong exponential topology on Wl. 

Proof, we shall prove this lemma step by step. 

Step 1. We first show that 0„Ma C M. Indeed let ®„^a € 0^,^^. By 
Lemma [A. 1 1 and Lemma [A. 41 each unitary operator u S C/(97l') can be written 
as u = ®aUa, where Ua € C/(9Jl'^). Thus we have 

This implies ®a^a e M. 

Step 2. We show that the converse inclusion 97t C 0^ QJIq. For each /?, we 
put 

?/3 :=©a(5a/3lwj £971', 

where 5ap is the Kronecker delta and 1-h^ is the identity operator on "Ha- From 
Lemma [A. 1[ q/j is a projection and 

ran(g^) = ^ (Sap'Ha) -■ Up. 

OL 

Let v4 G 971 be a self-adjoint operator. We would like to prove A e 0^ 971q,. 
Since qp G 97t', we have qf^A C Aq^ for all /3. This implies that each Up reduces 
A. We denote reduced part of A to Up by A^ . A.f^^ is obviously self-adjoint. 

For each /?, we consider natural unitary operator vp : Up — > Up. Then the 
operator Ap := vtA^ vp is again self-adjoint. To prove A — ©qAq, we take an 

arbitrary ^ G 0^dom(ylQ). Since Va^^"^ G dom(^^ ) C dom(A), we see that 
i = Y. ""^^"^ e dom(A). 

a 

finite sum 

Therefore we obtain 

Q 

finite sum 
\finite sum / 

Hence (©qAq) jg dojjjfyi -, C A. By Lemma |A.2| we have ©qA^ C A. On the 
other hand, both of ®aAa and A are self-adjoint and self-adjoint operators have 
no non-trivial self-adjoint extension. These facts implies ©a^a — A. Next we 
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show that each A^ is in DJla- Taking arbitrary unitary operators Uq G U{DJl'^) 
and putting u :— (BaUa, then by Lemma IA.4[ w is a unitary operator in 9Jt'. 
Since A e [Ot, we see that 

Thus for all a, UaAa C AaUa holds. This implies Aa G Sta for all a. Hence 

Next we consider an arbitrary element A e 9Jl. Putting B := Re(j4), 
C := Im.{A), then A = B + iC. Since i? and C are self-adjoint, by the 
above argument, there exist operators B^ G QJIq and Ca & ^a such that 
B = ®aBa and C = (BaCa holds. Set V := 0^ {dovi\{Ba) n do m(Ca)). S ince 
dom(BQ) n dom(CQ) is a core of Ba + iCq, I? is a core of ®a {Ba + iCa) by 
Lemma [A. 21 We observe that 



A = B + iCD {B + lC)\v = {(Ba{Bc.+lCa)}\v, 

so that A D 0Q (-Bq + iCa) follows. Now we use Step 1., then we see that 
(Ba {Ba + iCa) G 971 bccausc Ba + iCa e ^a for all a. Since 9H is a finite 
von Neumann algebra, Lemma [2.14l means that A — ®a {Ba + iCa) £ 0^ QTTq. 
Hence M = 0„ Ma follows. 

Step 3. We shall show the formulae with respect to the sum, the scalar 
product, the product and the involution. The formulae with respect to the scalar 
product and the involution are trivial. We first prove the formula of the sum. 
Let ®aAa, (SaBa G 0„ M„ = M. Put V+ := 0^ (dom(A„) n dom(g„) ). 
Since doTa{Aa) n dom(i?Q) is a core of Aa + Ba, 2?+ is a core of (Ba {Aa + Ba) ■ 
We observe that 



{®aAa) + {(BaBa) D {(Ba {Aa + Ba) } b+ , 

SO that 

yBaAa) + (©q-DqJ D ®a (^q + Ba) 

follows. Since both sides are elements in 9Jt, we have 



[(BaAa) + {(BaBa) — ®a \Aa + Ba) ■ 

Next, to show the formula of the product, we put T) ^ := Q^doin{AaBa)- 
Since doTa{AaBa) is a core of AaBa, Vx is a core of (Ba {AaBa). We observe 
that 

{®aAa) {(BaBa) D {®a {AA^)} \t>+ , 

so that 

[(BaAa) {(BaBa) 3 (Ba {AaBa) 

follows. Since both sides are elements in 9Jl, we have 



{(BaAa) {(BaBa) — (Ba {AaBa) ■ 
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Hence the proof of Step 3. is complete. 

In the sequel, we assume that each OJIq is countably decomposable. Note 
that, by Lemma [3. 121 each dJla is a complete topological *-algebra with respect 
to the strong resolvent topology. 

Step 4. Let {A\}\^\ be a net in 9Jl, A be an element of DJl. Corresponding 
to 9Jt = ®a^a, we can write them as follows: 

Ax = (SaAa,x, Aa^x^M, 

We shall show that Ax converges to A with respect to the strong resolvent 
topology if and only if each {A^^x^x^K converges to A^ with respect to the 
strong resolvent topology. From Step 3., we obtain 

Re(AA) = ©aRe(Aa,A), Im(AA) = eaIm(A„,A), 
Re(A) = ©c,Re(Aa), Im(A) = ®Qlm(AQ), 

so that, by Lemma [3.181 the above equivalence of convergence follows. 

By Step 3. and Step 4., we see that 9Jt forms a topological *-algebra with 
respect to the strong resolvent topology. Next, to prove the completeness, we 
prepare some facts. 

Step 5. Fix an arbitrary ao and let y("o) be an arbitrary SOT-open set in 
9Jl„o. Set T/(") := Wta {a ^ uq) and Y := @\ y("). Then y is a SOT-open set 
in 9Jl. Indeed, since for any x = ©qXc € V , we have Xaa e y("o), there exists 
a positive number e > and finitely many vectors ^^ € 'Hcq,- • •, ^ € Hao 
such that 

n 

fe=i 

Set ^^"^ := (a 7^ ao), then we get ^k G 0^ ^a and 

n 

x&f]{yem; \\{y-x)(k\\ < e} C V. 
fc=i 

Since flLi {?/ e »t ; ||(y - a;)^fc|| < e} is a SOT-open set in 2)1, V is a SOT- 
open set. 

Step 6. Fix an arbitrary uq. Let M^(""' be an arbitrary SRT-neighborhood 
at e ma„. Set W^"^:^ M^ (a ^ uq) and W := 0„ W^^'l Then I^ is a 
neighborhood at G St. Indeed, G 1^ is trivial. On the other hand, since 
e dyiao, there exists finitely many SOT-open sets Vj^"°\ ■ ■ •, T^^^'in ^ao such 
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that 

n 

e fl {a e M„„ ; {Re{A) - 1}-' , {Im(A) - 1}-' e 14^""^} C W^^'^l 
fc=l 

Put Vl"'^ := OT„ (a ^ ao) and Vfc := 0^;^ V^°'\ then, by Step 5., each 14 is a 
SOT-open set in M and 



e Pi |a e OT ; {Re(A) - i}~^ , {Im(A) - i}"^ e Vfe} C W^. 
fc=i 

By the definition of the strong resolvent topology, 

n 

fl {a e M ; {Re(A) - i}-' , {Ini(A) - z}"^ e T4} 

fe=i 

is a open set, so that Ty is a SRT-neighborhood at G dJl. 

Step 7. We shall give a proof of the completeness of 9Jt. Let {^aJagA be a 
Cauchy net in 971. For each A € A we can write as ^a = ®a^a,A G 0^ Wla- Fix 
an arbitrary ao and let M^(""' be an arbitrary SRT-neighborhood at G OJlag- 
Set T^(") := M„ (a 7^ ao) and W := ®^W^°'\ then, by Step 6., W is 
a SRT-neighborhood at G OT. Therefore there exists Aq G A such that 
Ax - A^ G W for all A, ^ > Ao. Since ^a ~ A,, = ®a {Aa,\ - Aa^^,), this 
implies that Aa„^\ — Aa^^fj, G W'-"'"^ for all X, fi > Xq. Hence {Aag,\}\£A is a 
Cauchy net in DJlag ■ We now use the completeness of DJlag , then there exists an 
element Aag G dJlag such that Aa^^x -^ Aag. Since ao is arbitrary, so that this 
means that for each a, there exists an element Aa G dJla such that ^q.a — > ^q- 
Put A := (BaAa, then, by Step 4., we conclude that A\ — > A. Thus 9Jt is com- 
plete. 

Step 8. The strong resolvent topology coincides with the strong exponential 
topology on dJl. This fact follows from Lemma 13.81 and Lemma 13.181 D 

Lemma 3.20. Let (931,^) and (91, /C) be spatially isomorphic finite von Neu- 
mann algebras. If a unitary operator U ofH onto K, induces the spatial isomor- 
phism, then the map 

$ : M^% X^ UXU* 

is a *- isomorphism. Moreover ^ is a homeomorphism with respect to the strong 
resolvent topology and the strong exponential topology. 

Proof. It is easy to see that $(X) G 91 for all X G 9Jl. Thanks to Proposition 
12.141 (2), it is not difficult to show that $ is a unital *-homomorphism: 



UiX + Y)U* = UXU* + UYU* 



U (XY) U* = UXU*UYU* 

ux*u* = {uxu*y. 
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Furthermore, it is straightforward to verify that $ is invertible, the inverse of 
which is given by ?I 9 F i-> U*YU E 9Jt. Topological property is trivial. D 

3.7 Proof of Theorem IXTOl 

We shall give a proof of Theorem 13.101 By Lemma 12.31 there exists a fam- 
ily of countably decomposable finite von Neumann algebras {SKqIq, such that 
9Jl is spatially isomorphic onto 0^ DJla ■ From Lemma I3.20[ there exists a 
*-isomorphism of dJl onto ^^ dJla which is homeomorphic with respect to the 
strong resolvent topology and the strong exponential topology. By Lemma l3.19[ 
®Q, SUtct is complete topological *-algebra, so that so is 9Jl. Hence the proof of 
Theorem 13. 101 is complete. 

3.8 Local Convexity 

We study the local convexity of (9Jt, SRT) here. 

Proposition 3.21. Let DJl be a finite von Neumann algebra. Then the following 
are equivalent. 

(1) (9Jt, SRT) is locally convex. 

(2) 9Jl is atomic. 

We need some lemmata to prove the above proposition. 

Lemma 3.22. Let 9Jt be an atomic finite von Neumann algebra, then (9Jl, SRT) 
is locally convex. 

Proof. Every atomic finite von Neumann algebra is spatially isomorphic to the 
direct sum of matrix algebras {M„^(C)}^gy^, where each M„^(C) is the algebra 
of all n\ X n\ complex matrices. Thus we should only prove this lemma in the 
case that *Xt is equal to 0;^^^ -^"a (*^)- Note that 



b 

»^ = M„, (C) = WJCi = M„, (C). 
AeA AeA AeA 

Let p\ be a semi-norm on 9Jl defined by 

PA(a;):=||xA||, x = ®AGAa;A e M = Af„,(C). 

AsA 

Then the strong resolvent topology on fH coincides with the locally convex 
topology induced by the semi-norms {pa}agA because there is only one Haus- 
dorff linear topology on a finite dimensional linear space. Hence the proof is 
complete. D 

Lemma 3.23. Let DJl be a diffuse finite von Neumann algebra, then there exists 
no non-zero SRT- continuous linear functional on 93t. 
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Proof. Suppose there exists a non-zero SRT-continuous linear functional / on 
dJl and we shall show a contradiction. Since, by Lemma [3761 the restriction of / 
onto 9Jl is a a-strongly continuous linear functional on 9JI and 9JT is SRT-dense 
in 3Jt, there exists a projection cq in 371 such that /(cq) 7^ 0. 

Step 1. For any orthogonal family of non-zero projections {e„}^]^ of 9H, 
/(en) = except at most finitely many n G N. Indeed, put 



00 f 

n=l ^ 



WT) '^ /(en)^O, 
if /(e„) = 0, 



where convergence of A is in the strong resolvent topology. Then we have 

00 

/(A) =:^a„/(e„)= Y^ Koo, 

"=1 /(e„)#0 

SO that /(e„) = except at most finitely many n e N. 

Step 2. For any e e P(97l) with /(e) 7^ 0, there exists e' € P{m) such that 
7^ e' < e and /(e') = 0. Indeed, since 2H is diffuse, there exists an orthogonal 
family of non-zero projections {e„}^i in 9Jt such that e = X]ra>i ^n- By Step 
2., J := {n e N ; /(e„) 7^ 0} is a finite set. In particular, 

e' := e - ^ e„ 7^ 

satisfies /(e') = 0. 

Step 3. We shall get a contradiction. By Step 2., we can take a maximal 
orthogonal family of non-zero projections {ea\a£A in 9Jl such that Gq, < eo and 
f(fia) = 0. Let e := X^aeA ^a- "^^^ maximality of {ea\a&A and Step 2. implies 
e = cq. Thus we have 



^ /(eo) = E /(^") = 0' 

which is a contradiction. Hence there exists no non-zero SRT-continuous linear 
functional on 9Jt. D 

Lemma 3.24. Let 9Jla 6e an atomic finite von Neumann algebra, SDtd he a 
diffuse finite von Neumann algebra and 971 := 97la ® 97td &e the direct sum von 
Neumann algebra. Denote the conjugate spaces of (97ta, SRT) and (dJl, SRT) 
by (97ta) and (WTj respectively. For each f G (97la) , we define I{f) E (9Jt) 
as 

i{f){A(sB):^f{A), A®Bem = m:^m, 

then I is a bijection between (S^O onto (WTj . 
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Proof. This follows immediately from Lemma [3.231 D 

Proof of Proposition [3.211 We have only to prove (1)=>(2). Since 971 is 
spatially isomorphic to the direct sum of an atomic von Neumann algebra 
2tatomic and a diffuse von Neumann algebra SEJldiffuso, it is enough to show that 
SHdiffusc = {0}. Suppose atdiffuse 7^ {0} and take y e 2)Tdiffusc\{0}. Then, by 
local convexity of 9Jt, there exists a SRT-continuous linear functional / on 971 
such that /(O ® y) 7^ 0. However this is a contradiction by Lemma [3.241 D 

Similarly one can prove the following proposition. 

Proposition 3.25. Let 9Jt 6e a finite von Neumann algebra. Then the following 
are equivalent. 

(1) There exists no non-zero SRT-continuous linear functional on 971. 

(2) m IS diffuse. 

4 Lie Group-Lie Algebra Correspondences 

In this section we state and prove the main result of this paper. As explained in 
the introduction, Lie theory for f7(H) is a difficult issue. What one has to resolve 
for discussing the Lie group-Lie algebra correspondence is a domain problem of 
the generators of one parameter subgroups of G C U{H). The second to be 
discussed is a continuity of the Lie algebraic operations. However we can show 
that, for any strongly closed subgroup G of unitary group t/(97t) of some finite 
von Neumann algebra 971, there exists canonically a complete topological Lie 
algebra. Since there are continuously many non-isomorphic finite von Neumann 
algebras on 7^, there are also varieties of such groups. We hope that the "Lie 
Groups-Lie Algebras Correspondences" will play some important roles in the 
infinite dimensional Lie theory. We study the SRT-closed subalgebra of 97t, too. 

4.1 Existence of Lie Algebra 

Let 971 be a finite von Neumann algebra acting on a Hilbert space %. Recall 
that a densely defined closable operator A is called a skew- adjoint operator if 
A* = —A, and A is called essentially skew-adjoint if A is skew-adjoint. 

Remark 4.1. In general, the strong limit of unitary operators is not necessarily 
unitary. It is known that [/(971) is strongly closed in *B('H) if and only if 971 is 
a finite von Neumann algebra. 

Definition 4.2. For a strongly closed subgroup G of [/(971), the set 

= Lic(G) := {A; A* = -A on n, e*^ e G, for aU t e M} 

is called the Lie algebra of G. The complcxification gc of is defined by 

0c:= {A + iB ; A,B e^}. 

If G = L''(97t), we sometimes write q as u(97t). 
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At first sight, it is not clear whether we can define algebraic operations on 
Q. However, 

Lemma 4.3. Under the above notations, g C 9Jt holds. 

Proof. Let u e [/(QJf) and A £ q. By definition, we have e*^u — we*^. Taking 
the strong derivative on each side, we have uA C Au. Since u is arbitrary we 
obtain uA = Au, which implies A G dJt. D 



Therefore the sum A + B and the Lie bracket AB — BA are well-defined 
operations in OJt, but it is not clear whether they belong to g again. The 
following Lemma 14.51 guarantees the validity of the name "Lie algebra" . The 
former part of the proof is based on the two lemmata established by Trotter- 
Kato and E. Nelson, which are of importance in their own. 

Lemma 4.4 (Trotter-Kato, Nelson [M,). Let A, B be skew-adjoint operators on 
a Hilbert space %. 

(1) If A + B is essentially skew-adjoint on dom(A)ndom(_B), then it holds 
that 

n— >^oo \ / 

for all t e M. 

(2) If {AB — BA) is essentially skew-adjoint on 

dom(A2) n dom{AB) n dom{BA) n dom{B^), 
then it holds that 

e'[^'^l=s- hm (e-V^\-V^^eV^\V^^Y\ 



for all t > 0, where [A, B] := AB - BA. 

Lemma 4.5. Let G be a strongly closed subgroup ofU{OJl). Then q is a real 
Lie algebra with the Lie bracket [X, Y] := XY — YX. 



Proof. Let A, B £ q. It suffices to prove that A-\- B and AB — BA belong to g. 
Since dom(A) n doni(i?) is completely dense, A-\- B is essentially skew-adjoint. 
Therefo re by L emma BH (1), we have 6*^^^+^^ g g" = G for aU t e M. This 
implies A -{- B E q. It is clear that XA e g for all A G M. On the other hand, as 
AB — BA is essentially skew-adjoint on 

V := dom{AB) n do-ai{BA) n dom{A^) n doiii{B'^), 



since T> is completely dense by Proposition 12.101 and AB ~ BA e dJl. Therefore 
by Proposition 113] (2), we have g'^-^s-s^) g q for ah t > 0. Thanks to the 
unitarity, this equality is also valid for t < 0. Thus we obtain [A, B] e g. The 
associativity of the algebraic operations follows from the Murray- von Neumann's 
Theorem [2381 D 
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Now we state the main result of this paper, whose proof is ahiiost completed 
in the previous arguments. 

Theorem 4.6. Let G be a strongly closed subgroup of the unitary group UljXfV) 
of a finite von Neumann algebra 9Jl. Then q is a complete topological real Lie 
algebra with respect to the strong resolvent topology. Moreover, qc '■s a complete 
topological Lie * -algebra. 



Proof. The Lie algebraic properties are proved in Lemma H75] By Lemma fS.lOl 
we see that g and qc are SRT-closed Lie subalgebras of 9Jt. As the algebraic 
operations {X, Y) i-^ X + Y, [X, Y] are continuous with respect to the strong 
resolvent topology , so that the topological properties follow. D 

Remark 4.7. It is easy to see that for G = U{Vyi), its Lie algebra u(9H) is equal 
to {A e dJl; A* = —A} and the exponential map 

exp : u{m) -^ u{m) 

is continuous by Lemma lB.2l and surjective by the spectral theorem. 



Proposition 4.8. Let 93ti, 2)t2 be finite von Neumann algebras on Hilbert 
spaces Hi, 'H2 respectively. Let Gi be a strongly closed subgroup of C/(9Jti) 
(i — 1,2). For any strongly continuous group homomorphism </? : Gi — > G2, 
there exists a unique SRT- continuous Lie algebra homomorphism $ : Lie{Gi) — >■ 



Lie{G2) such that Lp{e^ 



MA) 



for all A e LieiGi). In particular, if Gi is iso- 



morphic to G2 as a topological group, then Lie{Gi] 
as a topological Lie algebra. 



and Lie{G2) are isomorphic 



Proof. Let X be an element in Lie(Gi). From the strong continuity of (/?, 
t I— > '^{e*'^) is a strongly continuous one-parameter unitary group. Therefore 
by Stone theorem, there exists uniquely a skew-adjoint operator '^{X) on 7^2 
such that if{e^^) = e**^^^ This equality implies <^{X) e Lie(G2). Since (p is 



f 



strongly continuous, thanks to Lemma [4. 4[ we see that 
( s- lini 



-VI^P-VI^^VI^^VI^ 



lim 



lim 



f 



{' 






^gt-[*(X),*(F)]^ 

for all < > 0. Taking the inverse of unitary operators, the equality e***-'"^'^'^ = 
g*[*(-f).*('>^)] is also valid for all t < 0. Therefore from the uniqueness of a 
generator of one-parameter group, we have $([^, Y]) = [<i>(X), $(F)]. Similarly, 
we can prove that $ is linear. Thus, $ is a Lie algebra homomorphism. The 
SRT-continuity of $ follows from the continuity of f and the definition of the 
strong exponential topology. D 
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As above, G has finite dimensional characters. On the other hand, it also 
has an infinite dimensional character. 

Proposition 4.9. Let DJl be a finite von Neumann algebra, then the following 
are equivalent. 

(1) The exponential map exp : u(9n) 9 X h- > exp(X) G C/(2t) is locally 
injective. Namely, the restriction of the map onto some SRT-neighborhood 
of £ DJl is injective. 

(2) 971 is finite dimensional. 

Proof. (2)=>(1) is trivial. We should only prove that (1)=>(2). 

Step 1. For each orthogonal family of non-zero projections in 93T, its car- 
dinal nmnber is finite. Indeed if there exists a orthogonal family of non-zero 
projections in 971 whose cardinal number is infinite, we can take a countably 
infinite subset of it and write it as {pn}^i. Since pn converges strongly to 0, 
it also converges to in the strong resolvent topology. Define a;„ :— 27rip„ ^ 0. 
Since the spectral set of p„ is {0, 1}, we have e^" = 1 for all n S N, while 
Xn converges to in the strong resolvent topology. This implies that the map 
exp(-) is not locally injective, which is a contradiction. 

Step 2. 9Jt is atomic. Indeed if 93T is not atomic, the diffuse part of it is 
not {0}. Thus we can take an infinite sequence of non-zero mutually orthogonal 
projections in 9Jt. But this is a contradiction to Step 1.. 

Step 3. We shall show that 9Jl is finite dimensional. By Step 2., 9Jl is 
spatially isomorphic to the direct sum of a family {Af„^(C)};^g^ [n\ £ N), 
where M„^(C) is the algebra of all n\ x n\ complex matrices. By Step 1., the 
cardinal number of A is finite. Hence 97t is finite dimensional. D 

Remark 4.10. Lie(G') is not always locally convex, whereas most of infinite 
dimensional Lie theories, by contrast, assume local convexity. Indeed, by Propo- 
sition [32ll u(9Jt) is locally convex if and only if 931 is atomic. 

4.2 Closed Subalgebras of M 

Next, we characterize closed *-subalgebras of 971. 

Proposition 4.11. Let 971 be a finite non Neumann algebra on a Hilbert space 
H, ^ be a SRT-closed *-subalgebra o/ 971 with 1-h. Then there exists a unique 
von Neumann subalgebra 91 o/ 97t such that .^ — Ul. 

Remark 4.12. A von Neumann subalgebra of a finite von Neumann algebra is 
also finite. 
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Proof of Proposition [4.111 Put 

^■.~ {x £ ^ ; X is bounded}. 

Since 0, 1 € 0^, 0^ is not empty. We first show that *Tl is a von Neumann algebra. 
It is clear that *Tl is a subalgebra of 9Jl. Thus it is enough to check that *Tt is 
closed with respect to the strong* operator topology. Let {xa] be a net in *Tt 
converging to a; G 91 with respect to the strong* operator topology. So we have 

Re(a;Q) — > Re(x), lTii{xa) — > Im(a;) 

with respect to the strong* operator topology. By Lemma FB. 11 

Re(a;c() — > Re(x), lTa{xa) — > Im(a;) 

with respect to the strong resolvent topology. As Y{.e{xa) € ^, Im(xQ,) € ^ and 
^ is SRT-closed, we see that Re(a;) € M and Im(a;) € 3i. Therefore 

X = Re(x) + ilm{x) £ S^. 

Since x is bounded, x belongs to D^. Thus 91 is a von Neumann algebra. 

Next, we show that .^ C 9^. Let A be an element of ^. It is enough to 
consider the case that A is self-adjoint. Put 



Ca:^ |Jran(£;^([-n,n])), 



where Ea{) is the spectral measure of A. Ca is completely dense and all ele- 
ments of Ca are entire analytic vectors for A. Thus we have for all ^ G Ca, 

e-=limVi!^e 
i=i ■' 

Therefore the sequence 



^ {itA) 






<Z^(zm 



converges almost everywhere to e**'^ . By Proposition 13.151 it converges to e*'"^ 
with respect to the strong resolvent topology. Since ^ is SRT-closed and e'*'^ 
is bounded, we get e**"^ G 91. This implies A belongs to 91. 

On the other hand, by the definition of 91, 91 C ^. Since 91 is a SRT-closure 
of 91, we see that 91 C ^. Thus we conclude that 91 = ^. 

Finally, we show that the uniqueness for 91. Let £ be a von Neumann 
subalgebra of 971 satisfying 2, — ^. Then, we have 

91 = {x G 9t ; X is bounded} 

= {x G ^ ; X is bounded} 

= {x G £ ; X is bounded} 

= £. 

Thus 91 is unique. □ 
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Corollary 4.13. Let 971 be a finite non Neumann algebra on a Hilbert space %, 
Q be a real SRT-closed Lie subalgebra ofuiDJt). Then the following are equivalent: 

(1) there exists a von Neumann subalgebra 91 o/ 2H such that q ~ u(D^), 



(2) 1-H e and for all A,B eQ, i [AB + BA) e g. 

In the above case, 91 is unique. 

Proof. First of all, we shall show (1) => (2). Since u(OT) C 91, we have 
i {AB + BA) e m. On the other hand, 

u(9t) ^{X em; X* = -X}. 



Thus i {AB + BA) £ u(91) = g. Next we shaU show (2) => (1). By direct 
computations, we see that 

^ := {X + iY e M ; X, Y e g} 

is a SRT-closed *-subalgebra of DJl. Thus, by Proposition 14.111 there is a von 
Neumann subalgebra 91 of 9Jt such that ^ = 91. Then we see that 

g = {X e^ ; X* ^ -X} 
= {X em; X* ^-x} 
= u(m). 

Finally, we show the uniqueness for 9t. Let £ be a von Neumann subalgebra of 
dJl satisfying u(£) — g. Then, we have 

m = {X + iY ; X, Y e u(9l)} 
= {X + iY ; X, y eu(£)} 
= £, 

By the uniqueness of Proposition 14. Ill we get 91 = £. D 

5 Categorical Characterization of Wl 

5.1 Introduction 

In this last section we turn the point of view and consider some categorical 
aspects of the *-algebra 9Jt. Especially, we determine when a *-algebra ^ of 
unbounded operators on a Hilbert space "H turns out to be of the form 971, 
without any reference to von Neumann algebraic structure in advance. As is 
well known, there are many examples of *-algebra of unbounded operators that 
is not of the form 9Jl. For example, many 0*-algebras [21] are not related to 
any affiliated operator algebra. Therefore, the appropriate condition to single 
out suitable class of *-algebras of unbounded operators are necessary. For this 
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purpose, we define the category fRng of unbounded operator algebras and com- 
pare this category with the category fvN of finite von Neumann algebras and 
show that both of them have natural tensor category structures (cf. Appendix 
C). Furthermore, we will see that they are isomorphic as a tensor category, in 
spite of the fact that the object in fRng is not locally convex in general while 
the one in fvN is a Banach space. However, the algebraic structures of DJl and 
DJl are very similar and in fact they constitute isomorphic categories. To begin 
with, let us introduce the structure of tensor category into fRng. 

5.2 fvN and fRng as Tensor Categories 

Now we turn to the question of characterizing the category fRng of *-algebras 
of unbounded operators which are realized as 2H, where 2H is a von Neumann 
algebra acting on a Hilbcrt space. It is well known that the usual tensor product 
(9}Ti,9}T2) I— >■ 97ti(8i9K2 of von Neumann algebras and the tensor product of a- 
weakly continuous homomorphisms {4>i,(t)2) ^~^ 4>i® 4>2 makes the category of 
finite von Neumann algebras a tensor category. Therefore we define: 

Definition 5.1. The category fvN is a category whose objects are pairs (9Jl, T-L) 
of a finite von Neumann algebra 9JT acting on a Hilbert space T-L and whose 
morphisms are a-weakly continuous unital *-homomorphisms. The unit object 
is (Clc,C). The tensor functor is the usual tensor product functor of von 
Neumann algebras. The definition of left and right unit constraint functors 
might be obvious. 

If we are to characterize the objects in fRng, we must settle some subtleties 
due to the fact that we cannot use von Neumann algebraic structure from the 
outset. However, this difficulty can be overcome thanks to the the notion of the 
strong resolvent topology and the resolvent class whose definitions are indepen- 
dent of von Neumann algebras (See §3). We define fRng as follows. 

Definition 5.2. The category fRng is a category whose objects {M, H) consist 
of a SRT-closcd subset .'% of the resolvent class ^'rf{T-L) on a Hilbert space "H 
with the following properties: 

(1) X + Y and XY are closable for all X,Y e .^. 



(2) X + Y, aX, XY and X* again belong to ^ for aU X, Y e ^ and 

aeC. 



(3) M forms a *-algebra with respect to the sum X + Y, the scalar multi- 
plication aX, the multiplication XY and the involution X*. 

(4) In e ^. 

The morphism set between {^^i^T-Lx) and (^27^2) consists of SRT-continuous 
unital *-homomorphisms from ^1 to SI2 ■ 
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Remark 5.3. From the definition of fR-ng, it is not clear wfiether, for each 
objects in fRng, its algebraic operations are continuous or not. However, the 
next lemma shows that ^ is a complete topological *-algebra. 

Lemma 5.4. Let (^, %) he an object in fRng. Then there exists a unique finite 
von Neumann algebra dJl onH such that !M = 9H. Furthermore, 971 — ^n*B('H) 
holds. 

Proof. Define 9Jt := ^ n S(H). Then one can prove that 9Jl is von Neumann 
algebra by the same way as in Proposition 14. Ill 

We next show that ^ C 9Jl. Let A E ^ he a, self-adjoint operator. Define 
the dense subspace Ca according to the spectral decomposition of A: 



Ca := U r&n{EA{[-n,n])), 



n=l 

where 



A= I \dEA{\) 



is the spectral decomposition of A. Since all ^ e Ca is an entire analytic vector 
for A, we have 

e-^=limf:^^, 

/c=0 

for all t e M. Let OJl^i be a von Neumann algebra generated by {Ea{J) ; J € 
6(M)}, where B{R) is the one dimensional Borel field. Since ^Ka is abelian, it 
is a finite von Neumann algebra. It is also clear that 



fe=0 

and e**"^ e ^a- Since Ca is completely dense for 9Jt^, _B„ converges almost 
everywhere to e**"* in (971a)- As 9JIa is finite, we see that i?„ converges to e**"^ in 
the strong resolvent topology. On the other hand, ^ is SRT-closed and therefore 
e**^ e ^n<B (■?{)= 971, for aU t e R. This implies A £ M. For a general operator 
B € ^, using real-imaginary part decomposition B = Re(_B) + ilin{B), we have 

Bern. _ _ 

We shall show that 971 C ^. Let A e M and A = U\A\ be its polar 
decomposition, then C/ e 97t C ^ and |^| G M. Let |yl| =: J^ XdE\A\W be 
the spectral decomposition of \A\. Put 



/ XdE\A\Wemc 
Jo 



then Xn converges to \A\ in the strong resolvent topology. Thus |^| € ^. 
Therefore A = U\A\ e ^. 

The finiteness of 971 follows immediately from Theorem 12.221 D 
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Note that for each finite von Neumann algebra 971 on a Hilbert space H, 
(971, H) is an object in fRng. 

The main result of this section is the next theorem. 

Theorem 5.5. The category fRng is a tensor category. Moreover, fRng and 
fvN are isomorphic as a tensor category. 

To prove this theorem, we need many lemmata. The proof is divided into 
several steps. 

Next, we will define the tensor product ^ii^^2 of objects ^i (i — 1,2) 
in fRng (cf. Definition 15. 9|) . For this purpose, let us review the notion of the 
tensor product of closed operators. Let A, B be densely defined closed operators 
on Hilbert spaces H, JC, respectively. Let A(^o B he an operator defined by 

dom(A (g)o B) := dom(A) (g)aig dom(B), 

{A ®o B){£, (S) ij) := A£_ ® Brj, ^ e dom(yl), ry G dom(B). 

It is easy to see that A®^ B \s closable and denote its closure by A® B. 

Lemma 5.6. Let 97ti, 9^2 be finite von Neumann algebras acting on Hilbert 
spaces "Hi, 'H2, respectively. Let A e 97ti and B € 97l2. Then we have A® B £ 

Proof. Let Xi G 971^ (i = 1,2). For any ^ € dom(A) and r/ e dom(i?), we have 

{xi (8) a;2 ) (^ (8) ??) G dom(^ (g)o B) and 

{{xi ® X2)iA (g)o B)}{^ ® ry) == {{A (g)o B){xi ® X2)}{( «) v)- 

Therefore, by the linearity, we have {xi (E) X2){A ®o B) C {A (Ejq B)(xi (E) X2). 
Since (97ti^97l2)' = 9Jl'i®97l^ is the strong closure of 97l'i (g)aig 97t^, we have 

y{A (g)o B) C (^ «) B)y, for all y e (97ti®97l2)'. 

Therefore by the limiting argument, we have y{A(E)B) C {A(E}B)y, which implies 
A (g) B is affiliated with 97li®97t2. □ 

Lemma 5.7. Let A, B be densely defined closed operators on Hilbert .spaces 
%, K. with cores DajT^b respectively. Then T> := Da ®aig T^b is a core of 

A(g>B. 

Proof. From the definition oi A (E) B, for any ( g doui{A E) B) and for any 
e > 0, there exists some Q = J27=i ^* ® ^^ ^ dom(A) (g)aig dom(i?) such that 

lie - Cell <e, \\{AE)B)(:-{AE)B)C,\\<e. 

Put 

C:= max{||e,||, \\Am + l>0. 

Since Db is a core of B, there exists r]f e Db such that 

\h-v!\\<^, \\Bm~BTji\\<^. 

nC nC 
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Put 



C':^ max{M\\, ||Br;f||} + l>0. 

l<t<n 



Similarly, since Va is a core of A, there exists ^| G T>a such that 

n 

Define (" -^^it <^ vt ^'D- Then we have 

i=l 

||C-C1l<IIC-Ce|| + ||Ce-CII 
n 

<e + Y,\\^^'»V^-^!<»V!\\ 



< e + ^ lie. ® 77» - C^ <» ^f II + ^ ll^« <» ^f - 4' <^ ^f II 

n n 

n n 

= 3e. •••(*) 
Furthermore, 

\\{A®B)C-{A®B)C\\ 

< \\{A(g> B)C ~ {A(g> B)C,\\ + \\iA(g> B)Q -^ {A(g> B)C\\ 

n 

<e + J2\\M^^B7J,~A^t^B7^t\\ 

n n 

<e + J2 \\M^ ® Brj, - A^, ® Bryf || + ^ \\M^ ® BtjI - A^f ® Br^fW 

n n 

< £ + E Um\B^. - 5r,f II + E 11^6 - AilWWBritW 

n n 

i—1 i—1 

= ?>e ■ ■ ■ (**) 
(*) and (**) iniphes I? is a core oi A® B. D 

Next lemma says that the tensor product of algebras of affiliated operators 
has a natural *-algebraic structures. 
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Lemma 5.8. LetDJt, 0^ be finite von Neumann algebras acting on Hilbert spaces 
H, K- respectively. Let A,C £ OK, B,D E ^. Then we have 



(1) [A ® B){C ®D) = AC® BD. 

(2) {A®B)* ^ A* ®B*. 



(3) A + C®B + D = A®B + A®D + C®B + C®D. 



(4) X{A® B) ^ XA® B ^ A® XB {X e C). 

Proof. (1) From Proposition [2J3l X>i := {^ G dom(C);C^ G dom(A)} is a 
core of AC and 2?2 '■= {v € dom(_D); Dry e doni(i?)} is a core of BD. Define 
D := T>i ®a\g I?2, which is a core of AC ® BD. Since 



doni((A ® B){C ® D)) D doni((A ® B){C ® D)) D V, 

n 

it holds that for any i^ = \J U'^'Hi ^ ^^ ^^ have 

n n 

{A ®B){C® D)C ^ Y^ ACi, ® BDm = (AC ®^D)Y(,i®r], 



i=i 



= {AC ® BD)C. 



Therefore {A®B){C®D) D {AC®BD)\x,. Since V is a, cove oi AC ® B D , we 
have (by taking the closure) 



{A ® B){C ®D)^ AC® BD. 



Since both operators belong to 93t(g)9l by Lemma [5T6l we have 



{A ® B){C ®D) = AC® BD. 

by Proposition [234i;2). 

(2) It is easy to see that {A®B)* D A*®B*. Since {A®B)* and A*®B* are 
closed operators belonging to '\ffi®'yi, we have {A®B)* = A*®B* by Proposition 
[211(2). 

(3) and (4) can be easily shown in a similar manner as in (1). D 

Now we shaU define the tensor product Si\®S^,2 of (^ij'Hi) and {S^.i.'K-i) 
in Obj(fRng). Let 9Jti be finite von Neumann algebras on "Ki such that !Mi = 
dJli {i = 1,2), respectively (cf Lemma [5. 4p . From Lemma [5.81 the linear space 
^1 SJaig ^2 spanned by {Ai ® A2 ; Ai £ ^i, i = 1,2} is a *-algebra. Since 
^1 «)aig^2 is a subset oiMi^m^, it belongs to ^"^("Hi (8)^2)- Therefore: 

Definition 5.9. Under the above notations, we define !^{®!^,2 to be the SRT- 
closure (for U\ ® U-i) of ^1 ®^\^ S^i- 
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Lemma 5.10. Let ^i (i — 1,2) be as above. Then ^i(i)3^2 is also an object in 
fRng. More precisely, if .^i — DJti, where DJli is a finite von Neumann algebra 
(i = 1, 2), then Mi^Ma = SWi^OTz- 



Proof. We first show that Wli(g>M2 C mi(g)M2. Let T, e OT, (i = 1,2). Then 



we can show that Ti (g) r2 G dJlii^DJl2 by Lemma 15761 Therefore by the linearity, 
we obtain 

Ml (g)aig Ma C mWm- 

As the left hand side is SRT-cfosed in ^'Tf{Hi (E) ^2), we have Mi^Ma C 
dJhWTh_Next we prove that 2Hi®9K2 C Mi^Ma- It is clear that SRi (g)aig 
dJl2 C 9Jti(8)9Jl2- By the Kaplansky density theorem and Lemma 13.61 we 
have OTi^S[)t2 C Mi®M2. By taking the SRT-closure, we obtain SW^W^l^ C 
ani®9Jt2- □ 

The above Lemma says that {^1^^2,'Hi (E) "^2) is again an object in fRng. 
Next, we discuss the extension of morphisms in fvN to ones in fRng. It 
requires some steps. 

Lemma 5.11. Let (9Jti,'Hi), (SEH2,H2) be finite von Neumann algebras. Then 
the mapping 

(MT, SRT) X {Wh, SRT) — > (MT^M^, SRT), 
iA,B)> — >A(x)B, 

is continuous. 

Proof. Let^Aa}a C MT, {Baja C Wh be SRT-converging nets and A e 
coil, B S dJl2 be their hmits respectively. We should only show that the net 
{Aa (g) Ba }a converges to AE) B in the strong resolvent topology. 

Step 1. The above claim is true if all Aa, Ba, A and B are self-adjoint. 
Indeed, since 

e^*(^°®i) = e**^° ® 1, e**(^®i) = e"^ ® 1 

hold, we easily see that Aa E) 1 converges to A (g) 1 in the strong exponential 
topology. Thus, by Theorem I3.10[ the SRT-convergence of Aa (E) 1 to A (E) 1 
follows. Similarly 1 E) Ba converges to 1 E) B m the strong resolvent topology. 
Therefore, by Lemma l5.8l and the SRT-continuity of the multiplication, we have 



AaE)Ba = {Aa (g) 1) (1 (g) Ba) ^- (A (g 1) (1 (g) B) = y4 (g) B. 
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step 2. In a general case, by Lemma [5.81 we obtain 

^a <8) Sa = (Re{Aa) + ilm{Aa)] (g> (Re{Ba) + ilin{Ba 
= Re{Aa) ® Re{Ba) + iRe{Aa) Im(Ba) 



+iIm{Aa) (g) Re{Ba) - Im{Aa) (g) Im(BQ) 
-^ Re{A) ^ Re(B) + iRe{A) Im(B) 

+iIm(A) (g) Re(B) - Im(A) g) Im(B) 

^ A(E)B. 

Hence the proof of Lemma 15.111 is complete. D 

Lemma 5.12. Let dJl be a finite von Neumann algebra on a Hilbert space % 
and e is a projection in 3Jl', then 9He is also finite. 

Proof. Well-known. D 

Lemma 5.13. Let A be a densely defined closed operator on a Hilbert space 
l-L, K, be a closed subspace of IC such that Pk.A C AP/c. Then the operator 
B := A\^om{A}niC is a densely defined closed operator on IC. 

Proof. This is a straightforward verification. □ 

The next proposition guarantees the existence and the uniqueness of the 
extension of morphisms in fvN to the morphisms in fRng. Note that the claim 
is not trivial, because many cr-weakly continuous linear mappings between finite 
von Neumann algebras cannot be extended SRT-continuously to the algebra of 
affiliated operators. Indeed, we can not extend any cr-weakly continuous state 
on a finite von Neumann algebra 9Jl SRT-continuously onto 371 if 9Jt is diffuse. 

Proposition 5.14. Let 9Jti,9Jt2 be finite von Neumann algebras on Hilbert 
spaces Hi, H2 respectively. 

(1) For each SRT- continuous unital *-homomorphism $ : QJli — > 9H2i the 
restriction (pof^ onto 9Jli is a a -weakly continuous unital *-homomorphism 
from Ml tom2. 

(2) Conversely, for each a-weakly continuous unital *-homomorphism ip : 
9Jli — ^ 9Jt2, there exists a unique SRT- continuous unital *-homomorphism 
^ : Ml ^ dJl2 such that ^\<xni = V- 

Proof. (1) We have to prove that $ maps all bounded operators to bounded 
operators. For any u G [/(9Jli) and ^ e dom($(w)*$(M)), we have 

Mum' = (e, *(")**(«)?> = (c,$(«*^)o 

= (e,$(i)0 = lieiP- 

Since dom($(M)*$(u)) is a (completely) dense subspace, $(u) e VJI2 and $(u) 
is an isometry. Therefore the finiteness of 9JI2 implies $(w) G [/(3Jl2)- Thus, we 
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see that ^{U{DJli)) C U{dJl2)- Since any element in Tli is a linear combination 
of C/(9Jti), $ maps DJli into OT2. To show that (/3 is a-weakly continuous, it is 
sufficient to prove the (cr-) strong continuity on the unit ball, because it is a 
homomorphism. Since the strong resolvent topology coincides with the strong 
operator topology on the closed unit ball by Lemma 15^ cp is strongly continuous 
on the closed unit ball. Therefore v? is a cr-weakly continuous homomorphism. 
(2) Regard ip as a. composition of a surjection ip' : 97li — > (p{^i) and the 
inclusion map t : ip{DJli) ^^ 9712. Note that the a- weak continuity of (p implies 
ip(SJli) is a von Neumann algebra. Since p' is surjective, from Theorem IV. 5. 5 
of [51], there exists a Hilbert space /C, a projection e' G P(37l']^(8)*8(/C)) and a 
unitary operator U : e'CHi (8) /C) ^ H2 such that 

p'ix) ^U{x<g>lK:)e'U* 

for all X G 97I1. Now we would like to define the extension $' of ip' to 9Jti — >■ 



ip{SJli). Then we define <E 


' as follows: 






$'(. 
» 


K) = u{X(Ei^)e'U*, XeMi. 




1 






•(81 


a-c/* 




reduction by e' 




More precisely, we define 




Z = {Xig)l)e' := e'(X(8) l)|i.an(e')ndom(X®l), 


<i>'(X) := 


= uzu 



We have Z G (COTi (g) ClK:)e'- Indeed, since e' commutes with 9H Cl^:, it 
reduces the operator X (E)l and therefore by Lemma FS.lSl {X (E}l)e' is a densely 
defined closed operator on ran(e'). Since (^/)' = (5T)/ for each von Neumann 
algebra 91 and / G P(9t'), the affiliation property is manifest. In addition, by 
Lemma 15.121 (9JT (g) Cl)ic)e' is a finite von Neumann algebra. Next, we prove 
the map DJl 3 X 1-^ {X (S) l)e' G (2)ti ^ ClK:)e' is a SRT-continuous unital *- 
homomorphism. The continuity follows from Lemma 15.111 To prove that it is a 
*-homomorphism, we have to show that for X, Ye dJl, 



{{X + Y)® l)e' = (X ® l)e' + (r (g l)e', 



(Xy®l))e' =(X®l)e'(i^®l)e', 
{{X<S)l)e')* ^{X*<S)l)e'■ 



T0 prove the first equality, by Lemma |5.8[ we see that 

{{X + Y) ® 1)^, = {X (E) 1 + Y (E) I) ^, 
D iX(S>l)e' +{YE)l) 
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Taking the closure, by Lemma [2. 141 we have 



The others are proved in a similar manner. Next, by Lemma [3.20l the correspon- 
dence Ml 9 X H^ U{X (g> lK:)e'U* e v'(aHi) C WI2 defines a SRT-continuous 
unital *-homomorphism $' which is clearly an extension of ip' . Therefore by 
considering $ := i' o $' : 93ti — > 9Jt2 is the desired extension of cp, where 
l' : $'(9}ti) ^^ 9JI2 is the mere inclusion. Finally, we prove the uniqueness of 
the extension. Let ^ be another SRT-continuous unital *-homomorphism such 
that *|oti = ip. Let X e Mi. Then from the SRT-density of Mi in Mi, there 
exists a net {xa} C 9Jli such that lima Xa = X in the strong resolvent topology. 
Therefore we have 

^{X) = \[m-^{xa) = lim(y9(x„) 

a a 

= lim$(x„) =$(X). 

a 

n 

The next lemmata, together with Lemma fS.lOi implies that fRng is a tensor 
category. 

Lemma 5.15. Let^i, ,9^1 (i = 1,2) he objects in Obj(fRng). If^i : Mi -^ .Yi, 
^2 '■ Ml — > ^2 0-Te SRT-continuous unital *-homomorphisms, then there exists 
a unique SRT-continuous unital *-homonnorphism ^ : M\®M2 — > ^i<8)^2 such 
that *(A ®B) = *i(A) (8) *2(B), jor all A e Mi and B e Mi. We define 
\Pi ® ^2 to he the map *. 

Proof. Let -0^ be the restrictions oi'^i onto 971^ {i — 1, 2). Then '(/'j is a tr-weakly 
continuous unital *-homomorphism from 9Jli to 9ti, where *Jli = =5^i. Thus 
there exists a cr- weakly continuous unital *-homomorphism V' from £[)li(8)9}t2 to 
0^1^912 such that 

V'(x0y) = i/'i(a:)'^V'2(2/), X e 0^1, 2/ e OTz- 

By Proposition l5.141 there exists a SRT-continuous unital *-homomorphism vjf 
from ^i^^2 to .5^1 ^^2 whose restriction to 9Jti^9Jl2 is equal to V- For all 
A G Ml, B e ^2, we can take nets {xa}a C 9JTi, {j/q}q C 9Jl2 converging to 
A, B in the strong resolvent topology, respectively. Therefore, by Proposition 
15.111 we have 

*(A(8)B) =lim*(a;a«>ya) = lim^i(xa) ® ■02(2/a) 
= lim*i(x„) (8) ^2(2/0) = *i(A) «) *2(S). 

n 
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Lemma 5.16. Let (^i,Hi) {i — 1,2,3) be objects in fRng. Then we have a 
unique *-isomorphism which is homeomorphic with respect to the strong resol- 
vent topology: 

{Xi ® X2) X3 K-> Xi (^ {X2 ® X3)Jor all X, e ^, 

We denote the map as a^^ ,. 5^2,^3 • 

Proof. Let DJli be a finite von Neumann algebra such that ^i = 9Hi {i — 1, 2, 3). 
Let ao be the *-isoniorphisni from (ajli^9?t2)®2t3 onto DJli^{M2^^3) defined 
by {xj_(S) X2)_'S) X3 1-^ xi (E) {x2 (S) X3). By Lemma [5?TU1 both (Mi0M2)®M3 
and Mi0(M2®M3) are generated by (a)Ti®Sr)t2)^2t3 and 97ti^(9Jl2^S[rt3), re- 
spectively. Therefore by Proposition 15. 14( ag can be extended to the desired 
*-isomorphism a<%^ ,^2 ,^3 ■ ^ 

Proposition 5.17. fRng is a tensor category. 

Proof. We define the tensor product (E) : fRng x fRng — )■ fRng by 

(^i,Hi) ® (^2,^2) := (^i®^2,Hi ® %) 

and for two morphisms ^i : {^i^Hi) -^ (^i,/Ci) {i = 1,2), define *i *2 
according to Lemma [5.151 The unit object is / := (Clc,C). The associative 
constraint a^^ ^a^^ ^a^^ is the map defined in Lemma 15.161 The naturality of 
c^Sii,^2,^3 follows from Proposition 15.141 The definition of left (resp. right) 
constraint A. (resp. p.) might be clear. Now it is a routine task to verify that 
the data (fRng, (g),/, a, A, p) constitutes a tensor category. D 

Now we will prove that fvN is isomorphic to fRng as a tensor category. 
Define two functors £ : fvN— >■ fRng, J^ : fRng->fvN. 

Definition 5.18. Define two correspondences £, T as follows: 

(1) For each object (Wl,'H) in fvN, 

E{m,U) :=(M,-H), 

which is an object in fRng. For each morphism Lp : 9Jli -^ DJI2 in fvN, 
£{(p) : dJti —>■ 9H2 is the unique SRT-continuous extension of ip to Sti, so 
that £{(p) is a morphism in fRng by Proposition 15. 141 

(2) For each object (^, n) in fRng, 

j^{^,n) :=(^nQ3CH),-H). 

For each morphism $ : ^1 — > ^2 in fRng, J^($) := $|.s?in<8(w), which is 
a morphism in fvN by Proposition 15 . 14l 

Lemma 5.19. £ and J- are tensor functors. 
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Proof. We define the tensor functor (5, hi, /12), where 



hi : (Clc,( 



id 



(Clc,C)=f((Clc,( 



/i2((»ti,Hi), (9^2,^2)) : mi®m2 ^ mi®m2 



can be taken to be identity morphisms thanks to Lemma 15.151 It is clear that 
£{^m) — Iot' where 1^ and 1?^ are identity map of DJl and DJl, respectively. 
Let DJli — > DJI2 — > ^3 be a sequence of morphisms in fvN. Let a; G DJli. It 
holds that 



£{ip2 O ipi){x) = {ip2 O ipi){x) = £{(p2){(pi{x)) 



By Proposition 15.141 (2). we have £{(p2 ° 'Pi) = £{^2) ° Si'fii)- Therefore i5 is a 
functor. The conditions for {£,hi,h2) to be a tensor functor are described as 
the following three diagrams, the commutativity of which are almost obvious 
by Proposition 15.141 and "^" symbols are followed from Lemma [5.161 

(Mi^M2)^M3 ^^^ Mi^(M2^M3) 



id 



id 



{mi(g}m2)(g}M3 c3 mi(g}{m2(g}m3) 



id 



id 



{mi(g)m2)(g)M3 



■ mi(g)(m2(g)M3) 



l(»X^X 

C(g>m ^m 



X(g)l>-^X 

S!}l(8)C ^m 



id 



§m- 





id 



?m 



id 



971$ 



o 

id 



-^mt(g)C 



Thus, {£,hi,h2) is a tensor functor. The proof that {J^,h[,h2) is a tensor 
functor, including the definitions of h'l, h'2 are easier. D 

Now we are able to prove the main theorem easily. 

Proof of Theorem 15.51 We will show that £ and J^ are the inverse tensor 
functor of each other. By Lemma [5.191 they are tensor functors. Let (9Jli,'Hi) 
(i = 1, 2) be in Obj(fvN). Let ip : DJli -^ VJI2 be a morphism in fvN. Proposition 
15.141 implies Lp = [F o £){(p). By Proposition l5.41 we have 

therefore J- o £ — idfvN • 
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Let {^^,H^) [i = 1,2) be objects in fRng, $ : (^Hi) -^ (^2,^2) be a 
morphism in fRng. By Proposition l5.41 we have Mi = 9Jti for a unique (97li, T-Li) 
in Obj(fvN). Similarly, we can prove that 

{M,,ni) ^ {£ o F){M,,ni), (f oj-)($) = $, 

hence £ o T ~ idfRng. D 

Finally, we remark the correspondence of factors in fvN and ones in fRng. 
Recall that, for a *-algebra ^, its center Z{£/) is defined by 

Z{£/) :— {x £ £/ ; xy — yx, for all y G £/} . 

Z{£/) is also a *-algebra. 

Proposition 5.20. Let DJl be a finite von Neumann algebra on H. The following 
conditions are equivalent. 

(1) The center Z(M) o/M is trivial. I.e., Z{m) = Cln- 

(2) The center Z(OJl) of 9Jl is trivial. 

Proof. (1) =^ (2) is evident. 

(2) => (1). Let A g M be a self-adjoint element of the center Z(M). For 
any u G [/(9Jl'), we have uAu* = A. Therefore from the unitary covariance of 
the functional calculus, it holds that u{A — i)^^u* = {A — i)^^ and {A — i)~^ S 
DJlOdJl' = CI. Hence {A — i)~^ = al for some a G C By operating A~i on both 
sides, we see that A G CI. For a general closed operator A G ^(9H), we know 
that there is a canonical decomposition A = Ke{A) + i Im(A). Since A belongs 
to Z{m), Re{A), lm{A) also belong to Z{m) = CI. Therefore A G CI. D 

A Direct Sums of Operators 

We recall the theory of direct sums of operators and show some facts. We do 
not give proofs for well-known facts. See e.g., [2^. 

Let {Hq-}q be a family of Hilbert spaces and H = 0^ Ha be the direct sum 
Hilbert space of {'Ha}a, i-e., 

n := U = {^(")}. ; ^(") G Ha, Y. Il^"ll' < ^] ■ 
For a subspace Va of Ha , we set 



0^2?a := {e = {&^a e H ; ^^^^ G Va, &^ = except finitely many «.} 
It is known that ®q,2?q, is dense in H whenever each Va is dense in Ha- 
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Next we recall the direct sum of unbounded operators. Let Aa be a (possibly 
unbounded) linear operator on Ha- We define the liner operator A = (BaAa on 
H as follows: 

dom(A) := I e = {&^}a e n ; C*") G dom(A„), ^ ||A„r II' < ^- 1 , 

(Ae)("^- A„e'"\ eedom(yl). 

A is said to be the direct sum of {^aja. It is easy to see that if each Aa is a 
densely defined closed operator then so is A. In this case, 

A*' — iX\ 4 * 

holds. The following lemmata are well-known. 
Lemma A.l. Assume the above notations. 

(1) A e *8(H) if and only if each Aa is in *8('Hq,) and sup^ ll^all < oo. 
In this case, 

\\A\\ =sup||A„|| 

a 

holds. 

(2) A is unitary if and only if each Aa is unitary. 

(3) A is projection if and only if each Aa is projection. In this case, 

ran(A) = ^ran(Aa) 

a 

holds. 

Lemma A. 2. Assume that each Aa is closed. Let T>a be a core of Aa. Then 
0^2?a is a core of A. 

Lemma A. 3. Assume that each Aa is (possibly unbounded) self-adjoint. 

(1) A is self-adjoint. 

(2) For any complex valued Borel function f on R, 

f{A) = ®af{Aa) 

holds. 

Finally, we study the direct sum of algebras of operators. Let J^a be a set 
of densely defined closed operators on "Ha . Put 
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Note that each element in 0^ ,5^^ is a densely defined closed operator on 'K = 
©Q, ^a- If each S^a consists only of bounded operators, we also define 

^^a := S ®aXa \ Xa & ^a, SUp|lXc|| < OO. L 

By Lemma lA.li each element in 0^ S'a is bounded. The following is also 
well-known. 

Lemma A. 4. Let dJla be a von Neumann algebra acting on Ha, cind put 

b 

a 

Then dJl is a von Neumann algebra acting onH ~ 0^ Ha- The sum, the scalar 
multiplication, the multiplication and the involution are given by 

A {®aXa) — ®a (Axq) , for all A e C, 

[(BaXa) (ffictj/ctj = ©a (Xaya) j 
{(BaXa) = ©Q [Xa ) ■ 

Furthermore the followings hold. 

(1) dR'^®i^'a. 

(2) 3Jl is a finite von Neumann algebra if and only if each 971q is a finite 
von Neumann algebra. 

We call 0^ SXto, the direct sum von Neumann algebra of {971^}^. 

B Fundamental Results of SRT 

Let "H be a Hilbert space. The following lemmata are well-known [19]: 

Lemma B.l. Let {A^JAeA be a net of self-adjoint operators on %, A be a 
self-adjoint operator on %, and D be a dense subspace of H which is a core of 
A and V C Hag a doni(AA) H doni(A) . Suppose for all £, £ V, limAeA A\S, — AS,, 
then A\ converges to A in the strong resolvent topology. 

Lemma B.2. Let {A„}^]^ be a sequence of self- adjoint operators on T-L, A be 
a self-adjoint operator on %. Then An converges to A in the strong resolvent 
topology if and only i/e'*"*" converges strongly to e** for all t £^. In this case, 
the strong convergence of e^^ '^ to e'* is uniform on every finite interval oft. 

Lemma B.3. Let {A„};^]^ be a sequence of self-adjoint operators on %, A be 
a self-adjoint operator on %. Suppose An converges to A in the strong resolvent 
topology, then EA„{{a, b)) converges strongly to EA{{a, b)) for each a,b GM. with 
a <b and a,b (f. ap{A), where cypiA) is the set of point spectra of A. 
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Lemma B.4. Let {An\'^^i he a sequence oj self- adjoint operators on %, A he 
a self-adjoint operator on %. Suppose An converges to A in the strong resolvent 
topology, then for all complex valued hounded continuous function f on M, f{An) 
converges strongly to f{A). 

Lemma B.5. Let {x\}\^a he a net of bounded self-adjoint operators on %, x 
he a hounded self-adjoint operator on %. Suppose that 

sup ||a;A|| < oo, 

AsA 

and x\ converges to x in the strong resolvent topology, then x\ converges strongly 
to X. 



C Tensor Categories 

We briefly review the definition of tensor categories. For more details about 
category theory, see MacLane [TU] (we follow the style in Kassel [S, Chapter 

XI). 

Definition C.l. Let ^€ ,^' be categories, T ,Q be functors from '£ to ^' . A 
natural transformation : T ^ G is a function which assigns to each object 
A in '^ a. morphism 6{A) : J^{A) — >■ G{A) of '^' in such a way that for every 
morphism f : A —>■ B in'^, the following diagram commutes: 



HA)^^g{A) 


^U) 





e(/) 


H 


m^^ar 


B) 



If 0{A) is an invertible morphism for every A, we call 9 a natural isomorphism. 

Definition C.2. A tensor category {'i^,(E},I,a,X, p) is a category 'rf equipped 
with 

(1) a bifunctor ® : "^ x "^ — ^ "^ called a tensor product^, 

(2) an object / in "^ called a unit ohject, 

(3) a natural isomorphism a : (8)((8) x 1<^) |2| — > (8i(l'^ x (g)) called an asso- 
ciativity constraint. 



■^ This implies (/' g') ° (/ "X" 9) = (/' ° /) ® {§' ° 9) fo^ ^H morphisms in "i^, and 1a®^b = 
1a®b for all objects in '^. 

•^ (gi((8i X l<g) is the composition of the functors (g) X 1<^ : ("^^ X '^^) X '^^ — >• "^^ X '^^ and 
® : %f X '^^ -i- <^. 
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(3) means for any objects A, B, C in "^j there is an isomorphism aA.B,c ■ {A ( 
B) ig) C ^ A 1^ {B ig) C) such that the diagram 

{A(gB)(S)C ^±±f^ A(g{B(gC) 



(f0g)0h 



/®(3®/i) 



(A' (^ B') g C^-^'A' g {B' ® C") 

commutes for all morphisms f,g,h in 'rf. 

(4) a natural isomorphism A : (8)(/x l-i^)!!!— >■ 1<^ (resp. p : ®{1<^ x /) ^ l-^) 
called a /e/t (resp. right) unit constraint with respect to /. 

(4) means for any object A in "^j there is an isomorphism \a : I ® A^ A (resp. 
PA '■ A® I ^ A) such that the following two diagrams commute: 



I® A 



Aa 



■A 



A®I^^^A 



-i-i^f 



I® A' 



^A' 



A' 



Pa' 



for each morphism f : A -^ A' in ^. These functors and natural isomorphisms 
satisfy the Pentagon Axiom and the Triangle Axiom. Namely, for all objects 
A, B, C and D, the following diagrams commute: 

{{A ®B)®C)®D "^'""'^^'"^ {A®{B® C)) ® D 



OiA,B%C,D 

A(E){{B(g)C)(E)D) 



O^AiRiB.CD 



{A(g,B)(g,{C(g, D) "^■''■^^° -~ A®{B®{C® D)) 



{A(g)I)(g)B ■ 



-^A(g){I(g)B) 





A®B 

Definition C.3. Let [^ ^ (g), /, a, A, p), {'^\ (E), I', a' , A', p') be tensor categories. 

(1) A triple {T, hi, ^,2) is called a tensor functor from "if to '^^' if J^ : "^ — t' 
"rf' is a functor, hi is an isomorphism /' — >■ J-{I) and ft,2 is a natural 



'' / X 1-^ is the functor from "^ to '^#' X V given hy A 1—^ {I>^) for all objects in ^^ and 
/ I— > (1/, /) for all morphisms in V. 
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isomorphism (g) ( J^ x J^) |f| ^ J^®, and they satisfy 

, "J^(A),^(B),J^(C) 



h2(A,S)®l^(C) 

F{A®B)®T{C) 

h2{A®B,C) 

F{{A®B)®C) 



^(oiA,B,c) 



I' (g) F{A) 



■F{A) 



"^T{A)®(F{B)®F{C)) 

lj.(A)®h2{B,C) 
" 

T{A) (E) T{B (E) C) 

h2{A,B^C) 
" 

- T{A (g){B(g) C)) 



T{A) (E) r 



hi^lj 



TiA) 



J-(/) ® H^l;^^ HI ® A) F(A) ® HI\-;^ HA ® I) 

for all objects A, B, C in '^. 

(2) A natural tensor transformation rj : [T ,hi,h2) — > {T' ,h'-^,h'2) between 
tensor functors from "^ to '^' is a natural transformation T ^ T' such 
that the following diagrams commute: 



HI) 



T{A) ® T{B)^-^^^ T[A ® B) 





nil) r,(A)®r,(B) 



viA^B) 



F'{I) r{A)®r{Bf^^^F'{A®B) 



for all objects A, B in '^. If 77 is also a natural isomorphism, it is called a 
natural tensor isomorphism. 

(3) A tensor equivalence between tensor categories "^ , '£' is a tensor functor 
J-" : "^ — )■ '^' such that there exists a tensor functor F' : ^' ^f ^ and 
natural tensor isomorphisms r] : l<gi —>■ T o T' and 9 : T' o T ^ l-^. li 
rj and can be taken to be identity transformations, then we say "^ is 
isomorphic to '^' as a tensor category. 
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